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PREFACE 

Much  of  Che  existing  information  on  E^tP  is  in  the  form  of  notes  or 
semlformal  reports  and  has  not  been  adequately  documented  or  distributed. 
In  particular,  there  are  several  series  of  notes  that  act  as  technical 
journals  for  various  areas  related  to  EMF  and  ocher  related  subjects. 

These  note  series  are  not  exclusively  for  one  organization  and  are  run 
much  as  technical  journals  with  an  editor,  Dr.  Carl  E.  Baum. 

The  Air  Force  Weapons  Laboratory  has  undertaken  to  reissue  these 
existing  notes  in  convenient  volume  units.  The  present  volume  is  Volume 
39  of  the  Interaction  Notes,  one  of  the  note  series  in  the  Electromag- 
etlc  Pulse  Note  Series.  The  Interaction  Notes  have  the  report  designation 
EMP  3 in  the  EMP  group  of  note  series. 
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University  of  Mississippi 

Darko  Kajfez 
Donald  R.  Wilton 


‘f  Foraarly  at  Science  Applications 


1 


EMP  3-J9 


Research  for  these  notes  has  beon  funded  by  the  United  States  -s,* 
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to  all.  Contributions  and  questions  regarding  the  Note  Series  should 
be  directed  to: 
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Air  Force  Weapons  Laboratory/ELT 

Klrtland  Air  Force  Base,  New  Mexico  37117 
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ELECTROMAGNETIC  PENETRATION  THROUGH  A CIRCULAR 
APERTURE  IN  A PLANE  SCREEN  SEPARATING  A CONDUCTING 
MEDIl’M  AND  A NON-CONDUCTING  MEDIl’M 


ABSTRACT 

of  ^ approximation  is  made  to  the  Fourier  Trnasform 

/ f presence  of  an  Infinite  conducting  screen.  A circular 
aperture  is  Introduced  in  the  screen  with  air  on  the  shadow  side  A 
particular  solution  of  Maxwell's  equations  is  added  to  a general’solu- 
tion  involving  oblate  spheroidal  coordinates  to  match  the\oundarv 
screen  exnresslons  are  given  for  the  fi^ldron  t.he 

thraperJire*  aperture  and  for  large  distances  from 


2 


The  electromagnetic  diffraction  by  a circular  aperture  in  a 
plane  screen  between  different  media  was  given  by  D.  P.  Thomas^ 
He  assumed  a low  frequency  incoming  wave  and  no  conductivity 

2 

in  either  medium  and  gave  an  approximate  result.  C.  M.  Butler 
generalized  the  problem  to  an  arbitrarily  shaped  aperture  and 
described  a numerical  procedure  by  the  method  of  moments  but 
only  gave  results  for  an  infinite  strip.  D.  R.  Marston^  and 
others  found  the  currents  induced  in  underground  cables  by  EMP. 

In  this  paper  we  shall  assume  a thin,  infinite,  perfectly  con- 
ducting screen  illuminated  by  a low  frequency  plane  wave.  Ke 
seek  an  exact  analytical  solution  with  a conductivity 
which  is  not  assumed  to  be  zero  in  the  incident  medium. 

The  physical  problem  which  motivates  the  study  is  that  of  an 
electromagnetic  pulse  (EMP)  coming  through  the  ground  and  enter- 
ing an  aperture  in  a silo  or  a window  on  a submerged  vessel  or 
underground  communication  center  (see  Figure  1). 
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The  Fourier  transform  of  the  electric  field  in  the  earth  of 
a plane  EMP  whose  E is  parallel  to  the  surface  of  the  ground 


is  given  as 


~ . qii>  k.? 

E = zEq  (uj)e° 


where 


B = 1/rise  time  of  EMP 


a = 1/fall  time  of  EMP 
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The  magnetic  field  is 


where 

Z (oj)  = yc  (o)) 

If  then  E and  H can  be  expanded  in  powers  of  . Retain 

ing  only  the  first  two  terms, 

A ^ 

E = E z + 0(u) 
z 

H = (H°  - aE°y)x  + H°  J + 0(0)) 

X Z j 

where 


For  very  small  o),  E^  is  zero.  Let  us  consider  terms  of  order 

k 

0)  but  neglect  terms  of  order  o).  Maxwell's  equations  on  the 


conducting  side  of  an  aperture  are  then 
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1 

E* 

Figure  2 Oblate  Spheroidal  Coordinates 
<?  is  the  regular  polar  coordinate. 

The  boundary  conditions  are  such  that  the  tangential  electric 
field  and  the  normal  magnetic  field  are  zero  on  the  screen. 
Both  fields  have  continuous  tangential  components  at  the  aper- 
ture. The  normal  component  of  magnetic  induction  ^ is  con- 
tinuous at  the  aperture.  Both  fields  are  zero  at  z » +*  and 

2 » E°z,  3 « (H°  - oE°y)  +H°y  at  z « -®. 

Z X Z / 
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The  boundary  condition  at  the  aperture  is  that  the  current 
flowing  into  the  aperture  is  the  increase  of  surface  charge 
at  the  aperture: 

Jjj  ^“^s  ~ " eE^  (0,  ] 

= oE^  (0,  n,4>) 

Since  we  have  assumed  — <<  I this  is  equivalent  to  E 

0 2 

It  should  be  noted  that  the  boundary  condition  reduces  to 

as 

E^(0,n,4>)  = E^(0,n,4>)  ^ 0 = 0.  However,  if  w is 

allowed  to  go  to  zero  first,  then  the  boundary  condition 

E (0)  =0  does  not  reduce  to  E^(0,ri,(}))  = E'’(0,n,>')  and  hence 
2 2 2 

the  solution  of  the  problem  with  a > 0 does  not  reduce  to  the 
case  of  an  aperture  with  both  sides  in  air. 

The  complete  mathematical  problem  is  given  as  follows: 


= 

0 

VxH“ 

VxS'*'  » 

0 

VxH'^ 

= 

0 

V.^“ 

V*?'*'  = 

0 

v.r 

0 
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At  C - 0, 


At  n = 0 , 


E"  =» 

X X 


E = 0 

X 


E » E 

y y 


< = 0 


E - 0 
z 


H~  = h'*' 

X X 


= 0 


E*  . 0 


h“  = h'*' 

y y 


H = 0 
z 


^^»z  * ^«z 


Hz  = 0 


At  z < 0, 


At  5 * z > 0 


» 0 


E°oy 


This  is  a total  of  16  equations  with  24  boundary  conditions. 

They  are  sufficient  to  determine  a unique  solution.  The  minus 
subscript  indicates  the  earth  with  constants  e,  vi,  a.  The  plus 
subscript  indicates  the  shadow  side  of  the  screen  with  constants 


S'  »'o' 
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The  procedure  to  calculate  a solution  is  outlined  as  follows. 

1.  We  first  formulate  the  Laplace  Equation  in  oblate 

spheroidal  coordinates.  Since  7xE  = 0,  then  2 “ -V'J> 
and  = 0.  We  label 

$ » if  z > 0 

•t*  = O if  z < 0 

2.  We  separate  variables  and  find  separable  solutions. 

3.  We  apply  the  boundary  conditions  and  determine  E. 
This  can  be  done  without  using  the  H equations. 

4.  V-Je  split  H into  three  parts,  H = Hi  + S?  + Si,  such 

that  Hi  takes  care  of  and  at  z = Hj  is  the 

X y 

complementary  solution  and  Hj  is  the  particular  solu- 
tion satisfying  VxSs  = oS  . Then  Hi  = -74' i and 
§2  = -7$2»  where  7*^i  = 7*'J2  “ 0.  = 0)  = “uE° 

and  St  s 0. 

5.  We  solve  for  Si  using  the  boundary  condition  that 

yH  = M„H^  at  the  aperture, 
z o z 

6.  We  solve  for  Hj  without  specifying  continuity  at  the 
aperture. 

7.  We  solve  for  S2  without  specifying  continuity  at  the 
aperture. 


8.  We  apply  the  continuity  boundary  conditions  to  the 
sum  of  S2  and  S)  and  evaluate  S. 
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The  Laplace  equation  in  oblate  spheroidal  coordinates  is 
given  by 

s —1-  < f **  _i  [r’*(P  + a*)  — 

5-n  1^^  3-  U U + a ) 


+ [/TJ^  (n  + aM  I^J  ^ + 


(C+a*)  (n+a^)  34)* 


= 0 


In  order  that  E^(C  = «)  * E°  we  shall  pick  a particular 
solution  for  ♦ given  by 


Let  us  look  for  a separable  complementary  solution  of  the 
form  <f  * f(C)9(n)h(^).  Then  it  follows  that 


C ’’  ljUNs+a')  ||l 


a*m*  , . 

^2  - n (n+1) 


2 2 


(n+a*)  gSj  - n(n+l)l|  - 0 


d*h 

d4»‘ 


+ m*h»0 


The  solution  to  the  first  two  equations  can  be  found  by  letting 

Ij 

and  be  new  variables  and  recognizing  that  these  are  the 

a a 

associated  Legendre  equations. 
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t. 


fCO-AP"  (^)  + Bq"  (ii**) 


n 'a 


n 'a 


g(n)  - CP™(’^)  + DQ™  (''^) 
n a n a 


h(^)  » E cos  m.^  + F sin  ini(i 

We  are  looking  for  solutions  which  have  period  2Tr  in  so 
that  n is  chosen  to  be  an  integer.  We  want  solutions  which  are 
well  behaved  at  n*0  and  n^-a*  so  that  we  will  choose  D»0  and 
n is  an  integer.  If  ♦ is  to  be  zero  at  *,  then  A«0.  Some 
of  the  remaining  functions  are  tabulated  below: 


o 

o o 

“ - ia 

- « - X 

1)  0 - 

' 

- (1+ 

ar.**  X 

■ 1+7*^ 

i’** 

-i(l+  I*)**  ( 

li**  « - 

a 

3 + 

^+a 

0^ 

- it3(l  + |,) 

li** 

a 

where  a ■ cot 


-ir 

a 


p°  1 

o a ' 
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P®  - -1/2  + 1) 


pi  < ?>  - -'1  * 


pj  ,>|5,  . . iS  a . 

P^  - 3(1  1 -J,) 


The  complementary  solution  where  z<0  is  of  the  form 

^ n a n a mn  mn 

The  X component  of  the  electric  field  is  given  by  = 


^ra 


dQ*"  i.S 

= ) 
ds  a 


ptn 


n <’1“'  •S™,  <*' 


Dt 

ax 


+ q"* 

dP"' 

n 

<1= 

3 8n 

mm 

+ Q*” 
n 

pm 

n 

C^, 

{ (J) ) 
d(^ 

3<|)  , 

where  -j—  » 

2x5 

S-n ' 

3n 

Jx  “ 

2xn 
” C-n 

3 

' ^ ~ 

_sin<^ 

P 

h__  (<t)  » a_._cos  m(k+b  sin  m<b 


346-14 


C'J»  3-39 


In  order  that  this  be  zero  at  n = 0 

we  take  p"*  (0)  = 0 or  m + n = an  odd  integer, 
n 

The  z component  of  the  electric  field  is  given  by 

_s  A • 

« ciQ  f • r~ 

^z  ■ ^z  ^ ^ dT"  T 3?  ^n  ^ r-  ^ 


mn 


m,n  = 0 
m+n  = odd 


H dP 

* °n  > dir  <'1^'  If  '♦>  > 


If  this  is  to  vanish  at  C = 0,  then 

->5 


E°  = ? 

Z ft 

m,n  = 0 
m+n  = odd 


dQ^(i|  ) 

n a 


.,li  JaT’  32 
5 > J C . 0 


P™  (’^)  h ((J)) 
n a mn 


Since  the  left  side  is  independent  of  (^ , then  m = 0. 


iC  _ 2z(g+aM  _ 
3z  C-n 


- 2(g+a") 
a (C-n) 


" ^ r^A  ^ P-  ) a 

jj  I **  a a s h n a on 


odd 


C=0 


E q;  (0)  P (’^)  a 

_ n n n a on 

n 

odd 
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ince  the  left  side  is  independent  of  n,  then  n 
■ence 

=■'  <’1^' 


a [ l^a  - 1 1 1 

o 1 « a 


<5"  = -E  z + C a -1) 
c z a 


rom  this  it  follows  that 


Ca^  X 

" (£:-n)  (^+a") 


^y~ 


Ca^y 

a-n)  U+aM 


E = 


j 


he  condition  that  E^  = 0 at  ^ = 0 implies  that 


= - - 1 

n z 


order  that  the  tangential  electric  field  be  continuous  at 
r -0,  we  take 

*'''(x,y,z)  » ♦^(x,y,-z) 

/riien 

E^(x»y»z)"E”(x,y,-z) , E^{x,y,z)»E” (x,y,-z) 

XX  2 1 

J 
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Z 


-C 


This  \s  independent  of  a,  e^,  and  c.  It  is  interesting  that 

as  o goes  to  zero  and  e-*-e  this  solution  does  not  reduce  to 

0 

the  case  of  medium  1 and  2 being  the  same  (as  in  air)  . 


The  latter  case  has  E = E = — and  no  surface  charge  exists 

Z ^2 

at  the  aperture.  In  the  case  of  a small  a,  e”  = 0 and 

E^  = E°.  This  gives  a free  surface  charge  of  p = e E°  at  the 
z z s o z 

aperture.  Thus  a small  change  in  the  parameter  a gives  an 

instantaneous  change  in  E and  p . There  is  a singularity  in 

z s 

this  field  at  P,=r)=0,  which  is  the  edge  of  the  aperture. 


! 

i 


The  case  of  S * H°  = H°  at  z = -«>  has  been  treated  by 

A y 

Fletcher  and  Harrison  and  Chen^"*^  for  the  case  when 

e = e^,  U = U and  a = 0.  A similar  procedure  leads  to  the 
0 0 

following  solution  fo-  Hi: 


A H°  ,£*5 


2A^x5‘*H°.p 

(C-n) 


A,  H° 
1 Y 


(«- 


iil 

5+a  = 


2Aj^yc’*H°.p 

(C-n)  (^+a")' 


2A^H°.p/^ 
a(C+a*)  (C-n) 
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lx 


OR  -*■  _H 

2A  H . px^ 

2 


C+a- 


(5-n)  (i+a^) 


2 \ 2 


, A H°  -r*? 

H,  * = (a-2S_) 

ly  -J  rj.,2 


2A^H°.  py^** 


^+a- 


(^-n)  (C+a") 


2 \ 2 


H 


Iz 


2A  H .p/^ 
2 


a(C-n)  (C+a^) 


where  p«xii+y^.  To  satisfy  the  continuity  conditions 
2a*y. 


o A = 

IT  (U  + Uq)  ' 2 TT  (U  + Uq) 


a"  4 

If  y=PQ»  then  A^=-A2=“~  which  checks  the  result  of  Chen  . 


This  result  is  independent  of  e,  o, 


We  next  solve  for  H3  which  is  a particular  solution  of 
7xH^=aE,  Hj=0.  In  this  case  H^is  not  derivable  from  a potential 

For  large  C and  negative  z,  Vxh  = aE°2. 

z 

A particular  solution  is 


For  small  z,  H_  must  satisfy  Laplace's  equation.  A separable 


E^ayfCC) 


The  last  part  of  3 to  calculate  is  H2 / which  gives  the  comple- 
mentary solution  necessary  to  satisfy  the  continuity  conditions 


VxH=0.  The  potential  can  be  found  in  a similar  way  to  that  in 
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which  the  electric  field  was  found.  It  is 
• 2 • ^ 

_ J-a  A q2  j p2  (/r7^/a)sin  2({) 

2 -5232 

q2  (il  ) p2  (/r7f/a)sin  24) 

2 0 2 3 2 

where  the  coefficients  are  chosen  to  simplify  later  expressions. 

m and  n were  chosen  equal  to  2 so  that  at  the  aperture 

<{>'*'  = -SirAxy 
2 

4>  = -SirBxy 

2 

making  the  x-  and  y-  components  of  H2  linear  in  x and  y at  the 
aperture;  thus  the  boundary  condition  of  arid  can  be 
matched  at  the  aperture. 

jj 

<5‘^=A[-3(l+|2)a  + ^ + l§|-2]  (n+aM  sin  2<J> 

2 a a 

H ^ = -A  (n+a^)  sin  2<!)  h(C)  - sin  24)  g(5) 

2X  S S“'l 

-2(gi^)  sin  4'  cos  24>  g(5)] 

= -A  (n+a^)  sin  24)  h(5)  - sin  24)  g(5) 

^2  cos  4)  cos  24)  g(5)] 

H ! = p^a^A  sin  24>  h (C) +|§|(n+a2 ) sin  24)  g(^) 

16A/^  xya** 

" ""(C-n)  (5+a2)2 


20 


( 


»2x' 

are  the 
2z 

same 

except 

that  A is 

replaced  by  B 

the  sign  of 

^22  changed. 

On  the 

aperture 

it  follows  that 

“2x 

= 37TAy 

»2x 

(5=0)  = 

3TiBy 

Hjy  (^=0) 

= 3ttAx 

"2; 

(5=0)  = 

3ttBx 

H2/  (5=0) 

-16Axy 

"22 

(5=0)  = 

IfiBxy 

/a*-p^ 

Hi  has  already  been  constrained  to  satisfy  the  continuity 
boundary  conditions  at  the  aperture.  Applying  these  boundary 
conditions  to  the  sum  112+  H3,  one  obtains 


w 
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or 


E°C« 


*6^  (y^+u) 


B = 


_o 

E au 
z o 


6ti  (u^+u) 


This  completes  the  evaluation  of  all  constants.  We  have  thus 
found  the  fields  which  satisfy  all  twenty-four  boundary  con- 
ditions. The  final  result  and  some  special  cases  are  tabu- 
lated below. 


Table  of  Results 


X 


2a‘E°x/^ 

z 

IT  ) (^-n) 


2a^E°y/::^ 


= E. 


TT (^+a‘)  (?;-n)  y 

>5 


E®  ri  - ^ + 2aE 

IT  TT(^-n) 


2E 


z , 

- - fit' 


at  a general  point 
in  space 


2xE. 


E = 


Ti/a*-p* 


2xE^ 


^ Tr/a*-p* 


2yE: 


TT»4*-p* 


in  the  aperture  (z=0, 
p<a,  n^P^-a*) 


1 


fj 
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< = 0 


= 0 


If 


, ^-1  z az  , 

“=°'=  a - FTp-’ 


^ 2E°xa*cos9  2E°a^cos*Ocos0sin8 
TTr**  irr* 


. 2E°ya^cos9  2E°a’sin(>cos6sin9 
e":  = — = —5-, 


Ttr 


irr  ■ 


2E°a*  2 

E„  = - .■  (1-3COS  9)  , 


Sirr  ^ 


e"^  = 


3r(r.P-)  - P-  ^ 8,0 

j where  P = l-e  a^E°z 

4tt£  E 3 0 z 

o 


E = 
X 


2E°a’cos<>cos9sin9 

z 


irr- 


E = 

y 


2E°a  *sin({)cos9sin9 


irr- 


®z  ’ 1 5?F>  (1-3cos>9)  ) 


along  the  z axis 
(x=y=0,  z>0, 

n=-aS  C=z^) 


in  the  far  field 


(2>>0, 


a^z^  2 2^  , 

ri-*-  - — ; = -a'cos-'9,) 


for  the  far  field 


(2<<0,  ^2'^lf 


, 2 2 

d Z *>  2-4 

n=  - —T  = -a“cos‘=9. 


9 measured  from  posi- 
tive real  axis) 


8a'x 


‘*^2 


, E°ayy 

”x  “ ■ ir<M^+M)  ^ 3(C+a2)2  ^ 35+5a"+  (5+32)  1 > 


2mH^ 


(M+y.) 


(a 


a5*^  ^ 4a*ux5**  H°*o 

■ e+a"'  " Tr(y+y^)  (C-n)  (C-t-a2) 
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E°<7UV 
z 


UH. 


i **  - + - ^ 

5Tjr+Ii”)  "x 


H. 


T^O 

E CfUX 

2 


UH 


H 


2(U+Uq)  u+M^  y 


^ 8E  OMxy 


_ 4uH^  • 0 


H 


SE^ovioXy 


4u^H°.p 


2nH" 


H . = 


X 


(cot~^  - _ —7^5^) 
a z +a  ' 


H 


. 2yH^ 
+ . V 


y IT  (u+Uq) 


I - 


h"^  = 0 
z 


H » H - 


2m  h'^ 

0 X 


’t(m+Mq) 


(cot"^  I 
a 


az 


z ^+a 


H = - 


2w  , 

?T^)  (-t'l  I 


az 


rZTs 


z'^+a 


H BE  n 


In  the  aperture 
(z=0,  p<a,  C=0, 
ri=0^-a^ ) 


Along  the  axis 
(x=y=0,  n=-a® 

e=z') 
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H 


eJox 

-f—  (sin”^  ^ 

TT  P 


2 E°OU^X 

?>  /P-^'  * JWT 


(sin'^  i 


f»‘  /I’  -1  ,)  ^ H° 

pMp-a^  y 


2y°H° 


a 


F ' /p 


. 9 ”^0  ^ 

4a^UQyH  -P 


Hz  = 0 


Far  fields  (up  to  terms  of  i,) 


Hx  “ ^Ty+u  )ry  ^ H°  - 3H°sin*9cos^^-3H°sin*esin(^cos<}>  ) 


0--  - ax  y 

(0  measured  from  positive  z~axis) 


+ _ 4a*y 


H = 


Tirfy+y  )r*'  ^ Hy  “ 3H°sin^9cosci)sin4i-3H°sin^9sin^(j>  ) 


H 


+ ^ 4a^ycos93in9(Hx^°^^'*-HvSin»  ^ 


ir(y+y^)r* 


H = 


H°-E°oy 


2a*Ejay  4a *y 


37rr  • 


3tt  (y+y^)r- 


(H°  - 3H°sin*0cos^i}i-3H°sin*0sin(;>cos({») 
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2a*E°ax  4a*vi 

« O Z 0 

H » H = 

y ^ 3Tir*  3TT(M+vi^)r* 


(H°  - 3lr sin^0cosij)sin<J-3H^sin*9sin  4)) 

y X y 


4a*u  cos0sin0 

H”  * - 2 (H°cos({»+H°sin<{>) 

^ iT(vi+y  )r*  ^ ^ 


3^(?.Pj.i)  -Pm 


H = 


4iTr  ■ 


Pm  = - 


16a’u  ^0 


3 (P+Mq) 


The  magnetic  moment  is  independent  of  o.  If  U=Pq»  this  is 
the  same  value  as  for  the  case  of  an  aperture  in  air.  For 
the  incident  side,  the  scattered  magnetic  far  field  is  the 
same  as  a magnetic  dipole  of  moment  given  by 
16a’y  H°  p ^ 
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SMALL  APERTURE  ON  A MULTICONDUCTOR  TRANSMISSION 
LINE  FILLED  WITH  INOHOMOGENEOUS  DIELECTRICS 


ABSTRACT 

The  penetration  of  the  electromagnetic  pulse  through  a small 
aperture  in  the  conducting  plane  is  studied  when  a multiconductor 
transmission  line  is  located  behind  the  aperture.  The  multiconductor 
transmission  line  is  filled  with  Inhomogeneous  dielectric  material, 
so  that  the  propagating  modes  have  different  velocities . The  aperture 
is  replaced  by  a pair  of  electric  and  magnetic  current  moments , and  the 
equivalent  multiport  for  the  aperture  junction  is  developed.  The 
accuracy  of  the  dipole  moment  approach  is  checked  by  the  continuous 
spectrum  approach,  and  the  limits  of  validity  are  established. 
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SECTION  I 
INTRODUCTION 

The  objective  of  this  report  is  to  study  the  penetration  of 
an  electromagnetic  pulse  through  a small  aperture  in  an  aircraft, 
and  to  evaluate  the  induced  voltages  on  multiconductor  cables 
located  inside  the  aircraft.  Knowledge  of  these  voltages  caused 
by  the  electromagnetic  pulse  is  of  interest  in  estimating  possible 
interference  with  or  damage  to  the  electric  and  electronic  systems 
within  the  aircraft. 

The  computational  approach  used  in  this  report  is  based  on 
the  assumption  that  the  aperture  in  the  metal  shell  of  the  air- 
craft is  considerably  smaller  than  the  wavelength  of  the  highest 
spectral  component  contained  in  the  electromagnetic  pulse.  There- 
fore, the  small  aperture  approximation  is  used  in  evaluating  the 
electromagnetic  field  behind  the  aperture.  A bundle  of  wires  is 
assumed  to  be  located  inside  the  aircraft,  passing  behind  the 
aperture.  The  magnitudes  of  the  traveling  waves  on  the  individual 
conductors  may  then  be  calculated  for  given  wire  dimensions  and 
given  dielectric  filling.  The  conventional  representation  of  the 
induced  voltages  and  currents  on  individual  conductors  is  in  terms 
of  voltage  sources  and  current  sources  on  the  individual  conductors. 
In  the  present  report,  an  alternative  representation  in  terms  of 
traveling  wave  sources  has  been  utilized.  This  novel  class  of 
sources  is  formally  introduced  in  Appendix  A.  The  advantage  of 
this  representation  is  that  individual  sources  are  not  associated 
with  the  individual  conductors,  but  they  are  directly  associated 
with  the  individual  modes. 

When  the  wires  are  placed  in  a straight  line,  running  parallel 
to  the  metal  surface  in  the  aircraft,  the  bundle  can  be  modeled 
as  a multiconductor  transmission  line.  Because  of  the  presence 
of  various  dielectric  materials,  the  individual  modes  on  the  multi- 
conductor transmission  line  differ  in  their  velocities,  but  the 
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propagation  of  each  mode  is  essentially  nondispersive.  Such  trans- 
mission-line modes  are  classified  as  quasi-TEM  waves.  The  wave 
propagation  on  multiconductor  transmission  lines  is  best  described 
in  terms  of  matrices.  Particularly  convenient  for  that  purpose  is 
the  Dirac  notation.  While  the  notation  is  widely  used  in  physics, 
it  is  not  always  familiar  to  engineers.  Becuase  of  that,  the  basic 
principles  of  the  Dirac  notation  for  matrices  are  reviewed  in 
Appendix  B.  The  advantages  of  this  notation  can  be  clearly  seen 
in  Appendix  C,  in  which  the  wave  equations  are  solved  for  multi- 
conductor transmission  lines  filled  with  inhomogeneous  dielectrics. 
Some  matrix  operations,  which  are  quite  intricate  in  the  conventional 
matrix  notation,  become  surprisingly  simple  and  obvious  in  the 
Dirac  notation.  Appendix  C differs  from  the  conventional  deriva- 
tion also  in  the  fact  that  the  solution  is  accomplished  by 
simultaneous  diagonal iiation  of  two  real  symmetric  matrices  K and 
K’  , instead  of  diagonalizing  a real  but  not  symmetric  matrix  K'^. 

The  validity  of  the  quasi  TEM  approach  is  closely  examined 
in  Section  VI.  This  Section  investigates  the  assumption  that 
coupling  of  a multiconductor  transmission  line  back  into  a plane- 
wave  excited  aperture  can  be  neglected.  The  configuration  treated 
consists  of  a single  wire  conductor  behind  an  aperture  and  the 
relation  of  this  problem  to  the  multiconductor  transmission  line 
problem  is  discussed.  The  problem  is  treated  from  the  rigorous 
Fourier  transform  approach  and  hence  includes  the  complete  modal 
spectrum  consisting  of  the  TEM  mode  and  continuous  spectra  of 
evanescent  and  propagating  modes.  It  is  found  that  whenever  the 
representation  of  the  aperture  by  dipole  moments  is  valid,  the 
effects  of  a transmission  line  on  the  strength  of  those  dipole 
moments  is  negligible. 
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Before  starting  with  the  presentation  in  Section  II, 
the  small  aperture  theory  will  be  briefly  reviewed.  A 
convenient  approximation  of  the  electromagnetic  field  in 
the  presence  of  a small  aperture  is  in  terms  of  a pair  of 
dipoles,  as  originated  by  Bethe  [1],  Assume  that  the 
local  distribution  of  the  total  electric  field  over 

an  aperture  in  x-z  plane,  such  as  in  Fig.  l.(a),  has  been 
determined  by  an  analytical  or  a numerical  solution  of  the 
boundary- value  problem.  Then,  the  electromagnetic  field 
in  the  "internal"  region  y > 0 remains  unchanged  if  the 
aperture  is  closed  by  a metal  lid  on  top  of  which  there  is 
a magnetic  surface  current 

Jg"’(x,z)  - §^(x,z)  X (1) 


where  a^  is  the  unit  vector  in  y direction. 

Ihe  coupling  to  the  TB1  wave  on  the  system  of  conductors  can 
then  be  computed  by  replacing  the  aperture  with  a conducting  lid  on 
top  of  which  there  are  two  dipoles,  c^  and  C|^  as  shown  in  Fig.  l.(b). 
Electric  dipole  moment  c^  is  oriented  in  the  y direction: 


'ey 


‘if 


(21 


and  the  magnetic  dipole  moment  of  interest  here  is  oriented  in  the  x 
direction: 


mx 


z)dxdz. 


(3) 
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The  imijinctic  dipole  moment  may  also  have  the  z-canponent,  but 
the  present  report  is  devoted  solely  to  a caipling  of  quasi -TB1  waves 
guided  along  the  z direction  by  a system  of  conductors  as  indicated  in 
Fig.  l.(b).  Therefore,  the  z component  of  the  magnetic  dipole  is 
of  no  importance,  because  it  does  not  interact  with  these  quasi -TBI 
waves . 

In  this  report,  the  electric  dipole  moment  c^  (in  /\mpe re ‘meters) 
has  a meaning  of  the  moment  of  an  electric  current  element,  similar 
to  that  given  in  references  [21- (4) . This  current  moment  should  not 
be  confused  with  the  electric  charge  moment  p (in  Coulomb ‘meters) 
such  as  is  used  in  references  [5)- [7].  The  relationship  between 
these  two  moments,  for  expijmt)  variation,  is  as  follows: 

Cg  =■  jujp  . (4) 

Similarly,  the  magnetic  dipole  moment  c^^  (in  Volt‘meters)  in 
this  report  denotes  the  moment  of  the  magnetic  current  element,  in 
the  sense  as  used  in  references  [8] -[10].  Tlie  magnetic  charge  moment 
(in  Ainpere‘ square-meters) , such  as  used  for  instance  in  references 
(SI -[7]  is  related  to  as  follows: 

• juHiin.  (5) 

Figure  l.(b)  is  a first-order  equivalent  of  the  original 
configuration  from  Fig.l.(a).  Sometimes  it  is  convenient  to  further 
change  Fig.  l.(b)  into  an  equivalent  configuration  in  Fig.  l.(c)  in 
tdiich  there  is  a distribution  of  the  surface  magnetic  current  3^  and 
of  the  surface  electric  current  3^  over  the  x-y  plane.  Figures  l.(b) 
and  l.(c)  are  equivalent  if  the  surface  currents  become  delta  functions 
as  follows: 
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Cg6(x-Xo)6(y)  , 

(6) 

Cn,6(x-Xo)5(y)  . 

(7) 

For  an  aperture  of  general  shape,  integrations  (2)  and  (3)  are 
to  be  performed  numerically.  For  several  characteristic  shapes  (circle, 
ellipse,  narrow  slit,  square,  etc.),  the  dipole  moments  have  been  com- 
puted or  determined  experimentally.  It  is  customary  to  e.xpress  the 

moments  in  terms  of  the  excitation  fields  S , and  in  terms  of  the 

s’  s 

polarizabilities  a^,  Consider  the  aperture  in  Fig.  2 which  is  to 
be  replaced  by  the  dipole  mcments  so  that  the  field  in  the  "internal’’ 
region  y > 0 is  maintained.  The  excitation  fields  (so-called  short 
circuit  fields)  produced  by  the  sources  located  in  the  internal  region 
will  be  denoted  and  IVhen  the  excitation  comes  from  the 

side  y < 0,  the  short  circuit  fields  will  be  denoted  by  and 

For  the  purpose  of  coupling  to  the  quasi -THI  waves  in  the  internal  region, 
only  the  components  and  are  of  interest.  Instead  of  per- 
forming the  numerical  integrations  from  (2)  and  (3),  the  dipole  moments 
of  small  apertures  of  characteristic  shapes  may  be  computed  as  follows: 

W ■ 

V ■ i"'-, 

The  electric  polarizability  and  the  magnetic  polarizability  of  a 
circular  aperture  of  diameter  d are: 

42  ) 
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1 .5  . 1 i3 


For  a square  aperture  of  side  4.  Cohn  [11],  (IZj  has  measured  the 
following  polarizabilities: 


- 0. 11374-^  . - 0.25904^  . 


The  last  two  references  also  contain  the  measured  polarizabilities  for 
rectangular  ;uid  other  slupes  of  apertures. 

In  Fig.  3,  a plane  wave  is  shown  incident  from  the  y ^ 0 region. 
The  two  possible  polarizations  of  the  plane  w~ave  are  denoted  TE  .md 
TM.  The  corresponding  dipole  moments  are  computed  from  (.SI  and  (9)  by 
substituting  the  following  excitation  fields; 


TM:  . ZE^sin  e.  ^ - 3 sin  a . 


TE:  E - 0 

VS 


U e.\t  . _0  ^ -05 

xs  n 


For  this  e.xcitation,  take  ■ 0 and 

IVhen  electromagnetic  fields  in  the  presence  of  a ground  plane 
are  considered,  sometimes  it  is  conv-enient  to  remove  the  plane  and 
replace  it  by  appropriate  images.  In  the  present  report  the  groimd 


plane  has  not  been  removed  and  the  images  have  not  been  invoked. 
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When  Jipole  moments  and  have  been  determined,  it 
IS  possible  to  compute  the  ;implitudes  of  the  outgoing  guided  waves 
createv.!  by  these  dipole  moments.  In  Fig.  3,  the  scattering  ;impli- 
tudes  of  the  TFM  guided  waves  traveling  in  the  positive  ;ind 
negative  c direction  are  denoted  by  a^  and  b^.  Using  the  appro- 
priate boundarv  conditions  in  the  xy  plane,  the  following  scattering 
.impUtudes  a^  and  are  obtained  (13): 

" T ■ '^ey^yTBl^^O’'^^^  • 

The  scattering  amplitudes  are  complex  numbers,  normalised  in  such 
a way  that  (a  l"/^  and  lb.!"/ 2 are  powers  of  the  outgoing  waves 
traveling  in  positive  and  in  negative  : directions  [14). 

It  should  he  noted  that  Collin  [14]  uses  superscripts  (■*■')  or 
i-)  to  denote  the  direction  of  the  wave  propagation.  In  the  present 
report,  letter  a denotes  the  conplex  amplitude  of  the  wave  traveling 
in  the  positive  z direction,  and  letter  b is  used  for  propagation 
in  negative  ; direction.  These  are  the  familiar  scattering  param- 
eters [IS). 
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SECTION  II  \ 
TRAVELING  WAVE  FORMULATION 


Lossless  multiconductor  traiismission  lines  (MU)  with  unequal 
conductors  and  inhomogeneous  dielectrics  give  rise  to  multivelocity 
quasi -TEM  waves.  .-Vs  shown  in  Appendix  C,  the  voltages  and  currents 
on  a I'fTL  are  described  by 


lV(z)> 


^ ^ -J6-Z  jB-z 

I (a.e  K b.e  ^)  !<(•.>  , 

n-1  ^ ^ ^ 


N -jS.z  j6.z 
|I(2)>  » I (a.e  - b.e  ) |i(<.>  . 

n=l  ^ ^ ^ 


(15) 


(16) 


and  are  normalized  voltage  and  current  eigenvectors,  and 

a^'s  and  b^'s  are  scattering  amplitudes  of  the  waves  traveling  in  positive 
and  negative  z direction,  respectively.  It  is  assumed  that  on  an  N 
conductor  MTL  there  are  N normal  modes,  each  of  them  having  a. distinct 
propagation  constant  6^. 

The  notation  from  (IS)  and  (16)  may  be  made  more  ccsnpact  by  introducing 
the  vectors  of  incident  and  reflected  normal-mode  amplitudes 


a> 


(17) 


and  by  introducing  the  diagonal  matrix  E(z)  containing  the  exponential 
functions 

jS,z  jB^z 

E(z)  - diag,  (e,  t e ^ , (18) 
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In  the  new  notation,  (15)  and  (lo)  become: 


|V(:)>  - ^(E*(:)|a>  ♦ E(:)|b>)  . (19) 

|I(:)>  - Mj(E*(:)|a>  - E(z)|b>)  , CO) 


where  denotes  a complex  conjugate  niuiiht>r,  and  and  Mj  are  matrices 
consisting  of  voltage  and  current  eigenvectors,  as  defined  by  (C-42)and  (C-45'. 
(19)  and  (20)may  be  now  solved  for  |a>  and  |b>: 


E*(:)ia>  - 4imI|V(:)>  !(:)>)  . CD 

E(:)|b>  - 4(mJ1V(:)>  - mJ|Uz)>)  . (22) 


|a>  is  a constant  vector  containing  the  :tmplitudes  of  the  individual 

modes  as  its  components.  For  inst;mce,a^  is  the  comiJlex  amplitude  such  that  the 

total  power  of  the  ith  mode  transmitted  in  positive  z direction  is 


The  entire  power  of  all  the  modes  traveling  in  the  positive  : direction  is 


where <a|  denotes  a transpose  conjugate  of  |a>.  Similarly,  the  total 
power  traveling  in  the  negative  z direction  is 

P’-^<b;b>.  (24) 

The  net  power  is  the  difference  of  the  two.  On  a uniform  NTTL  there  is 
no  exchange  of  power  between  different  modes.  Each  mode  travels  with 
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constant  magnitude,  while  its  phase  grows  linearly  with  distance. 
The  : dependence  of  scattering  amplitudes  may  be  expressed  as 


ia(z)>  - E*(z) |a>  (2S) 

and 

lb(z)>  - E(z)|b>  (26) 


where  la>  and  |b>  are  vectors  consisting  of  complex  constants.  Thus, 

the  ith  component  of  the  vector  equation  (25)  is 

-je:Z 

a^(z)  - e . 

and  the  corresponding  ith  component  of  (26)  is 

je.z 

b^(z)  - e ^ b^  . 


The  signal  flow  graph  [lb] of  the  NTTL  section  of  length  t is  shown  in  Fig.  4. 

The  ith  mode  has  two  variables  a^(0)  and  b^(0)  at  z»0.  Similarly,  at 
z-t  the  two  variables  of  the  ith  mode  are  a.(il)  and  b.()l).  The  coefficients 
of  matrix  E*(ll)  equal  to  e . Thus,  a.  (t)  is  obtained  by  multiplying 
aj(0)  by  the  coefficient  e . The  signal  flow  graph 

in  Fig.  4 is  extremely  simple,  since  along  the  transmission  line  there 
is  no  cross  coupling  between  different  modes. 

Figure  5 shows  a MTL  section  with  3 conductors  above  the  ground  plane. 

At  Z"0,  a source  is  coupled  to  the  NTTL,  inducing  the  waves  traveling  toward  the 
♦z  and  -z  directions.  The  amplitudes  of  the  ith  mode  produced  by  the 


source  are  a^^  and  b^^.  The  direction  of  propagation  of  these 

waves  is  indicated  by  a wavy  arrow.  The  wave  traveling  in  ♦z  direction 
arrives  at  z"£^  shifted  in  phase  for  e ^ . There,  a three-port  net- 

work terminates  the  MTL.  The  impedance  matrix  of  this  network  is 
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The  amount  of  reflection  on  the  NfTL  can  be  ccmputed  from  ^ as  follows. 

At  z"0,  the  total  amplitude  a^  of  the  ith  mode  traveling  in  the 
positive  z direction  consists  of  two  parts;  the  source  part  a^^^  and 
the  part  which  arrives  reflected  from  the  left-hand  termination  at 

The  total  amplitudes  of  all  waves  at  z«0  are  arranged  in  vector 
|a>.  Then,  the  vector  of  all  waves  arriving  at  z«il^  is 

la(<l4)>  - E*(l^)la>  (26a) 

From  (21),  this  is  furthermore  equal  to 

Ia(i4)>  > t(mJ|V(£4)>  + !^|I(£4)>).  (27) 

From  (22),  the  reflected  mode  vector  at  the  end  of  line  is 

|b(£4)  - 7(MJ|V(£4)>-  !^|I(£4)>).  (28) 

The  currents  and  voltages  at  the  load  network  terminals  are  related 
through  ^ 

|V(a4)>  - • (29) 

By  eliminating  lV(£4)>  and  |I(ll4)>  from  the  last  three  equations  one 
obtains 

|b(l4)>  - S4|a(£4)>  (30) 

where  the  reflection  matrix  at  port  4 is 
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Vvlien  the  load  impedance  matrix  is  equal  to  the  characteristic 
impedance  one  has  a reflectionless  termination,  as  can  be  verified 

by  (C-46)  and  (C-SO).  Otherwise,  is  a matrix  which  has  usually  non- 
vanishing off-diagonal  elements.  This  means  that  a single  incoming  mode 
produces  a multitude  of  reflected  modes  bj(j  = l,2,3,  etc.l.  Thus, 
energy  transfers  from  any  one  mode  into  all  other  modes. 

This  fact  is  illustrated  in  the  signal-flow  diagram  on  Fig.  6.  On 
top  of  the  figure,  a^^  represents  the  amount  of  energy  coupled  from  an 
external  source  to  mode  1 traveling  in  ■►z  direction.  The  total  wave 
amplitude  a^  at  the  origin,  consists  of  a^^  plus  the  wave  which  was 


reflected  from  the  termination  at 


“l  ■ “is  * 

This  wave  arrives  at  port  4 as 

31(^4)  - a^e 

A portion  of  this  wave  goes  back  as  a reflected  wave  of  the  mode  1 


r4 


^4,ll®1^^4^ 

where  is  the  coefficient  (1,1)  of  the  matrix  S^. 

Another  portion  of  the  wave  goes  to  the  enhancement  of  the 


reflected  mode  2 


^4,21®1^^4^ 


and  so  on,  as  shown  in  Fig.  6.  For  example,  the  total  reflected  wave 
of  the  mode  2 is 

^2(^4)  ■ S4^21®1^V  ^ ^4,22®2^^4^  ^ ®4,23®3^*'4^  • 

Similar  situation  occurs  at  port  3,  where  the  load  network  Zjjis  attached. 
There,  the  reflected  wave  is 

|a(-a3)>  - S3|b(-t3)>  , (32) 
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with 


S, 


^3  -l'  -^*^1  ^3 


(33) 


The  above  discussion  was  based  entirely  on  the  frequency-domain 
considerations,  where  each  mode  was  a steady-state  sinusoidal  function 
of  time.  Assuming  the  quasi-T^  waves  are  non-dispersiv'e,  an  arbitrary 
waveform  is  transmitted  by  each  mode  without  a distortion.  Therefore, 
for  mode  i,  the  wave  a^^(t)  traveling  in  the  *z  direction  at  the  port 
4 is  just  a delayed  waveform  which  started  at  the  origin  as  a^Q(t) 


ai4(t)  - a.gCt  - 


(34) 


Since  the  waves  are  now  functions  of  both  time  and  position,  the  second 
subscript  is  used  to  specify  the  position  0 for  origin  , 4 for  etc. 

The  time-table  of  the  outgoing  and  reflected  waves  on  a 3 conductor 
line  is  presented  in  Fig.  7.  At  :-0,  the  three  wav-s  start  to  travel  to 
the  right 

aiQ(t)  , a2Q(t)  , ajQ(t) 


and  similarly  the  three  waves  start  to  travel  to  the  left, 


big(t)  , b^gCt)  , b.pCt) 


Each  wave  travels  with  its  mode  velocity  v^.  At  t-t^,  the  first  wave 
arrives  at  port  4,  ^ 
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Fig.  7.  Time-table  representation  of  multiple  reflections  on  the  terminated  MTL. 

Its  shape  is  a shifted  shape  of  the  wave  vrtiich  started  from  the  origin, 
according  to  (34).  This  wave  produces  three  reflected  waves,  which  then 
travel  with  their  corresponding  velocities  back  in  the  negative  z direction. 
When  the  load  network  contains  inductances  and  capacitances,  the  shape 
of  the  reflected  waves  will  be  different  from  the  incoming  waveshape. 

For  simplicity,  consider  the  case  when  the  load  network  is  purely  re- 
sistive. In  that  case,  the  reflected  waves  will  be  of  the  same  shape 
as  the  incoming  waves.  The  amount  of  reflection  is  specified  by  (30) 
and  (31),  where  Z^^^is  a purely  resistive  network,  thus  has  also 
purely  real  elements.  The  reflections  from  the  left-hand  termination 
are  handled  in  an  analogous  manner. 
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As  demonstrated  above, the  scattering  representation 
in  terms  of  vectors  la(2j>  and  lb(ij>  is  very  convenient 
for  the  treatment  of  propagation  and  reflection  of  waves 
on  a MTL.  Nevertheless,  often  it  is  necessary  to  compute 
explicitly  the  voltages  and  currents  on  individual  con- 
ductors. They  are  specified  by  vectors  jV{z)>  and  ll(2)>. 
The  transformation  from  scattering  variables  to  the  currents 
and  voltages  is  obtained  from  (19),  (20),  (25),  and  (26) 
as  follows 

lV(z)>  - M^^(|a(z)>  + |b(2)>)  , (35) 

|l(z)>  * Mi(la(2)>  - |b(z)>)  . (36) 

The  inverse  transformation  is  obtained  from  (21) , (22) , (25) , and 

(26)  ; 


|a(z)>  - 1 (Mj|V(2)>  > mJ|I(2)>)  , 

(37) 

|b(z)>  - ^ (MJ|V(2)>  - ^|I(2)>)  . 

(38) 

Note  that  the  components  of  scattering  vectors  la(2)>  and  |b(z)> 
correspond  to  the  individual  normal  modes,  while  the  components  of  the 
voltage  and  current  vectors  IV(z)>  and  |I(z)>  correspond  to  the  indi- 
vidual conductors.  As  an  example,  a-  is  the  complex  anqilitude  of  the 
ith  mode.  On  the  other  hand,  is  the  voltage  of  the  ith  conductor 
with  respect  to  ground. 
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Fig.  8. (a)  shows  a section  of  of  the  length  I,  The  voltages 
V^(2)  are  specified  between  each  conductor  and  the  ground,  where 
the  conductor  side  is  considered  as  positive.  The  currents  I^(:)  on 
the  individual  conductors  are  specified  positive  when  flowing  in 
(♦z)  direction.  This  apparently  trivial  fact  is  pointed  out  because 
by  using  this  convention,  the  current  at  points  out  of  the  'fTL 
section,  which  is  not  customary  in  the  network  theory.  However,  the 
present  convention  is  found  to  be  more  natural  for  the  matrLx 
manipulations  which  follow.  The  consequence  of  this  convention  is 
that  the  total  power 

P - j Re  <V|I> 

is  not  always  pointed  into  the  network,  as  customary  in  network  theory, 
but  here  P represents  the  power  flow  in  the  positive  z direction. 

Thus,  at  z-0,  P is  into  the  MTL,  at  z*l,  P is  out  of  the  NfTL. 

The  use  of  |a>  and  |b>  variables  in  place  of  |V>  and  (I>  vari- 
ables is  indicated  in  Fig.  8.  (b).  At  each  end  of  the  NfTL  there 
is  a transforming  network  Mp,  vdrich  transforms  the  variables  according 
to  (35) -(38).  At  z*0,  the  left-hand  terminals  of  Mj.  are  the  actual 
ivm  conductors.  Here,  the  variables  are  |V(0)>  and  ll(0)>.  The 
other  side  of  the  Hp  network  has  the  mode  variables  |a(0)>  and  |b(0)>. 
Each  mode  is  represented  by  a fictitious  single  transmission  line, 
shielded  from  all  the  other  lines.  Each  single  transmission  line 
passes  the  wave  through  by  simply  adding  the  phase  shift  (-B'^Jl)  as 
follows 

a.(£)  - a.(0)e'^®i^ 

At  the  other  end  of  the  MTL,  at  z-t,  variables  |a(Jl)>  and  |b(!l)>  are 
transformed  back  to  variables  |a(t)>  and  |b(£)>  in  another  identical 
transforming  network  Mp. 
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Tkrminolt  Ikrminalt 


V^(0)  Vjtx)  V,(J) 


Fig.  8(a).  NfTL  section  of  length  1. 


Terminals  Modss  Modes  Tirmlnols 


(b) 


Fig.  8(b).  Equivalent  circuit  for  normal  modes. 
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SEaiON  III 

EQUIVALEm'  SOURCES  FOR  .\PERTURE  EXCITATION 

Each  normal  mode  is  described  by  its  scattering  amplitude 
(waves  traveling  in  *z  direction)  or  b^^  (waves  traveling  in 
direction).  The  detailed  distribution  of  the  electric  and  magnetic 
field,  for  the  ith  mode  traveling  in  *z  direction,  is 


* -jv  * 

tj(x,y,z)  - a.e  ^ e.(x,y) 

•jS-z  ^ 

fli(x,y,:)  • a.e  ^ h^(x,y) 


(39) 


(40) 


e^  and  are  the  normalized  modal  field  distributions  over  the  cross 
section  of  the  MTL.  The  total  power  transmitted  by  the  ith  mode 
traveling  in  *z  direction  is  obtained  by  integrating  the  Poynting 
vector  over  the  cross  section: 


'i  “ i fi-Cx.y)]-  dl 


cross  section 


For  normalized  modal  field  distributions 


//■ 


(ei(x,y)  X Kj(x,y)l*  ds  ■ 6 
'cross  section 
and  the  power  transmitted  by  the  ith  mode  is 


1] 


llo  i2 

t\\\ 


(41) 


in  accordance  with  circuit  theory. 

Fig. 9. (a)  shows  the  junction  representing  an  aperture  on  a ^r^L. 

The  aperture  is  excited  by  an  external  field  frcm  below  the  ground  plane. 
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Terminolt  Terminol* 


I- 

2< 

3- 


L R 

(a) 

Fij.  9(a).  A junction  with  an  aperture. 
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Fig.  9(b).  Normal -mode  sources. 
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Fig.  9(c).  Voltage  and  current  sources. 
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This  excitation  is  replaced  by  an  etjuivalent  pair  of  dipoles  and 
Cgy.  In  what  follows,  an  equivalent  circuit  will  be  established  for 
the  junction  between  the  two  infinitely  close  planes,  denoted  by 
L and  R (letters  stand  for  "left"  and  "right"). 

Accordim*  to  (13),  the  dipole  pair  c^  and  c^^  excites  the  Lth 
mode  traveling  in  +z  direction  as  follows 


""<1  “ ^ • ‘'«ve.,4(Xn.O)] 


’ey^yi^-'O’ 


As  indicated  previously,  a convention  in  the  present  report  is  that 
the  waves  traveling  in  *z  direction  are  denoted  by  a^,  while  the  waves 
traveling  in  -z  direction  are  denoted  by  b^.  Therefore,  (42)  gives  a 
source  of  the  traveling  mode  in  +z  direction,  and  is  denoted  by  a^^, 

A traveling  wave  source  is  a three-terminal  device,  as  explained  in 
Apjiendix  B, 


Another  word  about  the  notation  in  (42):  h^^C^pjO)  is  the  x-component 
of  the  magnetic -field  modal  distribution  of  the  ith  mode  evaluated 
at  the  point  x-.Xq  and  y-0.  Similarly  e^^ix^.O)  is  the  y-component  of 
the  normalized  electric  modal  field. 

For  the  traveling -wave  source  of  the  ith  mode  propagating  in 
-z  direction,  the  following  is  obtained  from  (9): 

'’si  * I (43) 

Fig.  9.(b)  shows  the  modal  sources  between  the  left  and  right 
reference  planes.  This  equivalent  circuit  is  appropriate  for  an  analysis 
in  terms  of  scattering  coefficients.  The  equivalent  circuit  in  terms 
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of  voltages  and  currents  can  nou  be  obtained  by  a simple  matrix 
manipulation.  First,  define  the  vectors  containing  the  scattering 
sources  as  follows: 


Si 

' 

|b.>  - 

’ 

' s 

, "sN 

^sN. 

The  traveling  wave  vector,  |a|^>  traveling  in  ♦i  direction  out  of  the 
right-hand  reference  plane  is  a sirni  of  the  source  vector  (a^>  and 
the  wave  vector  |aj^>  incoming  ffom  the  left  upon  the  left-hand  reference 
plane: 


IV 


'V 


(45) 


Similarly,  the  waves  traveling  in  the  -z  direction  are  related  as 


|bL>  - * |bg> 


(46) 


The  voltage  and  current  variables  of  the  source  junction  are 
shown  in  Fig.  i\(c).  The  voltages  and  currents  at  the  left-hand 
plane  are  defined  by  jVj^>  and  |lj^>  , while  the  right-l\and  variables 
are  lVj^>  and  The  current  sources  frcm  Fig.  9.(c).  constitute 

vector  |Ig>  while  the  voltage  sources  make  |Vg>.  The  Kirchhoff  laws 
require 


and 


IV  * I'^s^  - IV 


(4?) 

(48) 


To  change  from  scattering  representation  to  voltage  representation, 
use  (35) 


IV  • iv-iv^i''lvlv  * IV-IV> 
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By  virtue  of  (4S)  and  (46): 


IV  " Mvfl V"IV^ 


(SO) 


The  components  of  |a  > and  |b  > are  given  by  (28)  and  (29).  The 


difference  term  is 


Si  ■ Si  ■ V\i  ‘S’"' 


(51) 


and  it  depends  only  on  the  magnetic  dipole  excitation.  Thus,  the 
voltage  sources  in  Fig.  9(c)  are  to  be  computed  as  follows: 


1V3>  - 


(52) 


The  current  sources  are  similarly  found  as  follows 


'V^ 


The  sun  term  depends  entirely  on  the  electric  dipole  moment 


*si  " ‘^si  " 


(53) 


(54) 


so  that  the  formula  for  computation  of  the  current  sources  becomes 

(55) 


iv  - Mi 


In  the  above  derivation,  the  energy  storage  at  the  junction  was  not 
taken  into  account.  The  circuits  from  Fig.  9.(b)  and  (c)  are  thus  the 
zeroth'order  equivalents,  such  as  the  feroth  order  equivalent  of  a single 
transmission  line  from  reference  (13]. 
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SECTIW  IV 

EXAMPLES  OF  VOLTAGE  WAV'EFORMS 


The  voltages  induced  on  a 2-conductor  transmission  line 
filled  with  inhomogeneous  dielectric  will  now  be  computed  in  order 
to  illustrate  the  use  of  the  theory  developed  thus  far.  The  system 
is  shown  in  Fig.  10.  A small  circular  aperture  of  diameter  d - 2 cm 
is  located  at  : - 0.  The  two-conductor  transmission  line  is  located 
between  2 * -t-  * -7m  and  2 ■ ■ 5 m. 

The  cross  section  of  the  transmission  line  is  shown  in  Fig.  11: 
it  consists  of  two  strip  conductors  of  width  w,  placed  between  the 
thi'ee  layers  of  dielectrics  denoted  62,  and  Cj.  The  dielectric 
thicknesses  are  denoted  by  h^,  h2t  and  hj.  This  parallel -plate 
model  of  the  transmission  line  is  selected  because  of  its  simplicity, 
and  it  will  be  used  to  illustrate  the  procedure  of  computing 
voltages  induced  by  an  EMP  wave.  The  electrostatic  field  within  the 
transmission  line  from  Fig.  11  may  be  produced  in  two  independent 
ways.  In  the  excitation  A,  a potential  V^  is  applied  to  conductor 
a,  while  conductor  b and  the  shield  are  held  at  zero  potential.  Then, 
the  fields  in  the  three  regions  are 


In  the  excitation  B,  a potential  is  applied  to  conductor  b,  while 
conductor  a and  the  shield  are  held  at  zero  pot«\tial . The  corresponding 
fields  are 
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^ J ^2B 


'V  RJ  • ‘3B 


Under  arbitrary  excitation  the  fields  in  the  individual  regions 
(i  ■ 1,  2,  3)  are  obtained  by  superposition: 


1 t.  * V, 

1 a la  0 lb 


(So) 


In  order  to  compute  the  coefficients  of  electric  inductiwi 

matrLx,  one  must  find  the  charge  per  unit  length  of  the  conductor  a. 

This  is  accomplished  by  integrating  the  electric  flux  through  the 

closed  surface  S around  the  conductor  a: 
a 


/■ 


1-  d§ 


where  e and  £ depend  on  the  point  of  integration.  Using  (56) , the 
charge  Q is  found  to  consist  of  two  parts,  one  proportional  to  V 

a 

and  the  other  proportional  to  Vj^. 


Q,  • V 
a a 


e • d§  ♦ 


e £g  • dS 


Vaa 


* Vab 


(57) 


The  constants  of  proportionality  are  called  induction  coefficients, 

denoted  and  •'ab-  They  depend  only  on  the  geometry  of  the  system. 

For  exaiiple,  K is  comjuted  as  follows: 
as 
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w/2 


w/2 


^lA  • * "3 


^3A  * 


x»'w/2 


X--W/2 


K ■ w 
aa 


. ^3 
K];  *Kj 


(58) 


Similarly,  the  other  induction  coefficients  are  found  as  follows: 


"“ab 


*■3 

• -W  r- 


(59) 


'3  . '2 


■Sh'-isj  * Kjj 

These  coefficients  form  induction  coefficient  matrix  K 


I'ab 


(60) 


(61) 


As  an  exan^le  of  a symmetric  system,  the  following  dimensions  have  been 
selected: 

hj  ■ 2 an,  h2  ■ 2 cm,  hj  ■ 1 cm,  w ■ 10  an,  ■ 1.0, 


C2r  - 1-0,  ejj.  - 2.0,  d - 2 on. 


The  corresponding  matrix  K is 


-39 
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K 


-20 

25 


The  induction  coefficient  matrix  with  only  aj.r  as  dielectric  will  be 
denoted  K’ : 


K* 


-10 

15 


By  using  matrices  K and  K*  one  can  find  the  modal  velocities,  voltage 
and  current  eigenvectors,  and  the  impedance  matrix  by  the  procedure 
described  in  Appendix  C.  The  inverse  of  the  induction  matrix  L is 
directly  proportional  to  K'  as  follows 


K’ 


(62) 


where  c is  the  velocity  of  the  light  in  vacuum.  Next,  the  eigenvectors 
and  eigenvalues  of  L*^  are  found,  and  an  auxiliary  matrix  B is  foimed 
according  to  (C-IS).  When  the  eigenvalues  of  B are  computed,  the  modal 
velocities  v^  are  found  as  their  inverse  square  roots,  according  to 
(C-16).  The  eigenvectors  of  B are  then  used  to  fonn  the  modal  matrices 
and  according  to  (C-42)  and  (C-43): 


♦a2  ' 

-6.156 

-2.369' 

^ " 

. ♦bl 

S2. 

• 

-6.136 

2.369, 

r'^'al 

'»'a2' 

-0.081489 

-0.21106 

Mt  ■ 

m 

— I 

ki 

h2‘ 

-0.081489 

0.21106 

(64) 
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Subscripts  a and  b denote  the  conductors,  and  subscripts  1 and  2 
denote  the  modes. 

Next,  modal  functions  e^.  and  h^^  will  be  evaluated.  The  aper- 
ture is  placed  at  the  center  of  the  bottom  shield  conductor,  as  shown 
in  Fig.  11.  By  definition,  the  electric  field  of  the  nth  mode  trav- 
eling in  positive  z direction  is 


-jS  z 


(65) 


By  selecting  a^^  ■ 1,  the  electric  field  at  z ■ 0 becomes 


Sn(x,y,0)  - ej^(x,y) 


(66) 


IVhen  * 1 and  ■ 0,  the  voltage  vector  is  obtained  from  (35) 
as  follows 


V > ■ 0 > 

n ' n 


an 

bn 


(67) 


Thus,  in  order  to  find  the  modal  function  e^^  of  the  mode  n (here, 
n ■ 1 or  2),  the  potentials  on  the  two  conductors  must  be  selected 
equal  to  and  as  shown  in  Fig.  12.  Then  the  modal  function  is 
equal  to  the  electric  field,  according  to  (66).  Since  the  field  has 
only  the  y coiif)onent,  the  result  is 


®yn  * ♦an^ylA  * ^bn^y2B 


'•'bn 


(68) 


The  modal  function  Kj^(x,y)  is  equal  to  the  magnetic  field  nj^(x,y,0) 

inside  the  transmission  line,  whwi  conductor  a carries  a current  I -il; 

a ’^an 
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and  conductor  b carries  cuirent  The  situation  is  shown 

in  Fig.  13.  The  currents  are  assumed  to  be  unifomly  distributed  over 
the  conductor  surfaces.  An  elementary  computation  gives  the  following 
value  for  the  magnetic  field  modal  function. 


')'  h, 

^an  1 


xn 


"w(h^ 


^2  ^ h-f 


(09) 


In  the  example  treated  here,  a time  domain  response  will  be  evalu 
ated,  while  most  of  the  theory  presented  until  now  has  been  formulated 
in  the  frequency  domain.  In  order  to  use  formulas  (8)  and  (9)  for  a 
general  time  variation,  they  are  rewritten  as  follows: 


‘^mx  " -'^“m  A 

[hL” 

■<] 

(70) 

Sv  “ ^“e  n 1 

-ext 

ys 

(71) 

The  polarizabilities  and  are  given  by  (10) . 

The  incident  wave  orientation  is  specified  by  angles  a and  9 as 
shown  in  Fig.  3.  Then  for  a TO  polarization,  the  field  components  of 

iiT^portance  are 


- 2EQF(t)sin9 


2E« 

^ FCt)sina 

xs  n 


(72) 


An  arbitrary  time  variation  of  the  incident  plane  wave  is  described  by 
function  F(t).  For  EMP  wave,  a single  function  is  selected  as  follows 


F(t) 


-6 


e 


(73) 
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Fig.  12.  Evaluation  of  the  electric  field  on  the  line  from  Fig.  11. 
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Fig.  13.  Evaluation  of  the  magnetic  field  on  the  line  from  Fig.  11. 
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having  the  fbllovdng  derivative 

-a,t  -6,t 

F’(t)  - -Oje  ^ Sje  ^ (74) 

The  following  parameters  of  the  incident  plane  wave  have  been 
selected  for  the  present  example: 

Eq-  100  kV/m,  a > 30“,  9 - 45®,  Oj  - 3.10^s’^,  • 10®s‘^. 

The  electric  and  magnetic  current  moments  are  now  computed  by  (70) 
and  (71): 


Cgy  • 2 e fj  EqF’ (t)  sine  (76) 

These  values  are  to  be  substituted  in  (42)  and  (43)  in  order  to  coin)ute 
the  traveling  wave  sources  for  different  modes  on  the  multiconductor 
line.  For  the  present  exanple,  the  modal  fvnctions  and  h^^^  which 
are  needed  in  (42)  and  (43)  are  determined  by  (68)  and  (69) . The  ini- 
tial amplitudes  of  the  traveling  wave  sources  can  now  be  conputed  and 
the  multipole  reflection  traced  down  in  a manner  indicated  in  Fig.  7. 

.4s  long  as  the  loading  at  each  end  of  the  multiconductor  line  consists 
of  pure  resistances,  such  as  in  Fig.  10,  the  wave  shape  remains  unchanged 
after  each  reflection,  and  is  specified  by  the  fvnction  F'(t)  from  (74). 
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In  the  first  example  to  be  conqputed,  the  following  loading 
resistances  have  been  selected: 

‘^aL  “ ^cL  * '^cR  * 

The  load  impedance  matrix  of  a T network  is  then  obtained  as 
^Lll  " " ^cL  “ l-0011d2 


^L22  * “Sl  ^cL  * l-OOlldJ 


The  corresponding  scattering  matrix  is  obtained  frcm  (33) 

0.43488  0.17495 

S,  » 

—0 

0.17495  0.90584 

Since  the  load  resistances  on  the  right-hand  side  are  the  same  as  on 
the  left-hand  side,  ■ Sy  For  each  incident  wave  a^^  at  the  port  4, 
the  reflected  waves  are  computed  by 

bj  * Sj^a^  for  j =•  1,2 

Then,  the  voltages  are  obtained  from  (35) 

|V^  - ^ (|a>  ♦ |b>) 


73 


EMP  3-39 


347-43 


g 

The  velocities  of  the  two  waves  are  Vj^  = 3*10  m/'s  and 

g 

V,  = 2.236  • 10  m/s.  Fig.  14  shows  the  voltages  on  the  right- 
hand  end  of  the  transmission  line.  is  the  voltage  on  the  con- 
ductor a , while  V2  is  the  voltage  on  the  conductor  b.  First 
pulse  arrives  at  t^  = ^4/''^!  ® *^5.  Note  that  this  is  even 

mode,  since  the  polarity  of  the  pulse  is  the  same  on  both  conductors. 
Shortly  afterwards,  at  t,  = = 22.4  ns,  the  odd  mode  arrives 

producing  a positive  pulse  of  and  a negative  pulse  of  V^.  Tlie 
next  arrival  is  the  group  of  four  waves  which  are  reflected  from 
the  left-hand  end  of  the  line,  and  the  process  is  continued  through 
multiple  reflections  bouncing  back  and  forth  on  the  line. 

At  each  of  the  bounces,  some  of  the  energy  is  lost  in  resis- 
tances terminating  the  line,  so  the  process  gradually  dies  off  as 
seen  in  Figure  14.  If  one  end  of  the  line  is  terminated  in  a resis- 
tance matrix  equal  to  the  characteristic  impedance  matrix  there 
are  no  reflections  from  that  end.  In  the  next  example,  we  terminate 
the  right-hand  end  of  the  MIL  by  a matched  impedance.  The  necessary 
resistances  are  obtained  from  ^ as  follows.  First  ^ is  computed 
by  (C50) 


43.260  32.036 

32.036  43.260 


Then,  the  resistances  of  the  T-network  are  obtained  as 

*^aR  ■ ^011  ■ ^012  “ -22411 
\r  " ^022  ■ ^012  “ ll-224il 
‘^cR  - ^012  - ^2.05611 
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With  such  .1  nuitchfvl  toiniuuit on  the  ri>jht -luiul  siJo,  the  resultin); 
voltajios  take  the  shape  as  shown  in  I'in.  IS.  rite  first  arrival  of 
the  odd  and  even  hkhIo  is  similar  to  the  previous  situation  in  Fixture  11. 
Also,  the  next  four  pulses  are  similar  to  those  from  I'ijture  14,  hut 
.iftor  that  there  are  no  imire  waves  left  on  the  line. 

Anotlier  extreme  situation  occurs  when  there  is  no  .ittenuition  , 
I'ec.iuse  the  tenninat  ions  consist  of  open-circuits  or  short  circuits. 

In  ' ii;u>'e  In,  the  followini;  terminations  have  been  selected 


al. 


^iR 


Iki.',  R, 


hi. 


'l^R 


O.hl.  R. 


\-R 


0.01  d 


Hiere  is  little  attenuation  of  the  vr>ltai;e  waveshapes  in  the  first 
.'00  ns,  and  the  multiple  houncinv  on  the  tr.ansmissien  line  continues 
for  a loni;  time. 

Tlie  cimipiiter  projjr.'uii  evaliuites  the  iiuiividiul  (Uilse  arrivals  in 
the  close  .inalony  with  the  time-tahle  from  l•■i)Jure  7.  If  the  ^n'I.  can 
support  N different  iix'(.les,  each  of  those  proi!  ces  N other  reflected 
iiK’des  at  each  iHiiBice.  Verv  sixvn  the  storajje  riHiuirements  hecoiiit.' 
prohibit ive.  I'or  a 3-conductor  line  of  tlie  total  leii.c^’h  12  m as  in 
hiyiure  10,  there  are  .‘ilO  pulse  arrivals  within  .'00  ns.  If  the  number 
of  conductors  is  increased  to  three,  there  are  0840  arriv-als  which  are 
to  be  storeii  before  sortinjj  them  in  chronolojjical  order.  It  is  obvious 
that  this  procedure  is  practical  only  for  computin,n  the  early  time 
responses . 

.An  e.xample  of  the  three  conductor  parallel -plate  MTL  is  shown 
in  rijjure  17.  The  voltages  on  the  individual  conductors  are  denoted 
bv  Vj,  V,,  and  V.. 


J 

iMbiMiiliMiMA 
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All  the  examples  computed  in  this  Section  utilize  a parallel- 
plate  model  of  the  NfTL  with  inhomogeneous  dielectric,  because  of 
the  availability  of  simple  formulas  for  the  evaluation  of  induction 
coefficient  matrix  K and  of  the  normalized  modal  functions  e^Cx^.O) 
vand  h^CXp.O).  However,  the  same  procedure  for  computing  the  voltage 
waveforms  may  be  applied  to  any  other  set  of  data  for  K,  e^,  and  h^ 
which  may  be  obtained  by  a numerical  solution  of  the  arbitrary 
shapes  of  conductors.  Several  numerical  procedures  for  computation 
of  the  induction  coefficient  matrix  K have  appeared  in  the  recent 
literature  (see  [16]  to  [18]).  If  these  methods  are  supplemented  by 
computation  of  and  h^(XQ,0)  at  the  aperture  center,  the  rest 

of  the  computations  of  voltage  waveforms  described  in  this  Section 
is  applicable  to  arbitrai'v  conductor  shapes  and  sizes. 


16.  W.  T.  Weeks,  "Calculation  of  Coefficients  of  Capacitance  of 
Multiconductor  Transmission  Lines  in  the  Presence  of  Dielectric 
Interface,"  IEEE  Transactions  Microwave  Theory  Techn.  Vol.  MIT- 18, 
pp.  35-43,  Jan.  1970. 

17.  J.  C.  Clenents,  C.  R.  Paul,  A.  T.  Adams,  "Conriutation  of  the 
Capacitance  Nfatrix  for  Systems  of  Dielectric-Coated  Cylindrical 
Conductors,"  IEEE  Transactions  on  Electromag.  Compat.  Vol.  BC-17, 
No.  4,  pp.  238*248,  Nov.  1975.  Also  see  Correction  in  ^-18 

No.  2,  pp.  88-89,  May  1976. 

18.  C.  R.  Paul,  "Confutation  of  the  Transmission  Line  Inductance 
and  Capiacitance  Matrices  from  the  Generalized  Cap>acitance 
Matrix,"  IEEE  Transactions  Electromag.  Compat.,  Vol.  ENC-18. 

No.  4,  pp.  175-183,  Nov.  1976.  • 
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sEcriai  V 

FIRST-ORDER  EQUTV'ALENT  CIRCUIT  OF  THE  SMALL  .APERTURE 


In  Fig.  13  , a set  of  incident  waves  coming  from  the  left  is  de.scribed 
by  aperture  region  is  located  between  two  planes  denoted  L 

and  R.  There  is  no  incident  wave  coming  from  the  right,  |bL,>  ■ 0.  The 
waves  iaL>  excite  the  pair  of  dipoles  c^^,  and  c^^^.  The  excitation  field 
produced  by  the  jth  incident  mode  is 

"isj  ■ 


e“' 

ysj 


aLje^.lXQ.O) 


(78) 


This  is  an  internal  field,  according  to  Fig.  2.  From  (8)  and  (9), 
the  dipole  moments  produced  by  the  jth  mode  are 


■^nucj  ■ 


Syj  ■ 


Sunrned  over  all  the  incident  modes: 

N 


S,  ■ 


(79) 


(80) 


(81) 


(82) 


where  argument  (x^.O)  has  been  ommitted  for  brevity. 

These  dipoles  produce  the  outgoing  waves  • Their  ith  component 
is,  according  to  (13)  and  (14): 
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Fig.  19.  Signal  flow  graph  of  the  aperture  junction  with  sources. 
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*Ri  ■ i'- \i  (83) 


In  what  follows,  argunent  (Xg,0)  will  be  onmitted  for  brevity.  In  (83) 
the  ith  mode  outgoing  wave  at  the  right-hand  plane  in  Fig.  18  con- 
sists of  the  (unattenuated)  incident  wave  a^^^  and  the  wave  originated  by 
the  dipole.  Using  (81)  and  (82) 


, N N 

"Ri  ■ “Li* 


’Ll  * ifJ““VHi  NyjRy’ 


This  can  be  written  as 


IV  * * j M j I)lv 

(87) 

IV  “ (jH*jE)!aL> 

00 

00 

where  the  real,  syrmetric  matrices  H and  E are  defined  by 


Mi, 

i " 

(89) 

®i; 

i - Wyi«yj 

(90) 

Thus,  the  scattering  matrix  of  the  apertvire  junction  in  partitioned 
form  is 


IH'l  . [i  I 

Iv 

iv|  [i  t 

'v, 

(91) 
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where 

r - j H ♦ j E (92) 

T ■ U * j H + j E (93) 

The  signal  flow  graph, (161, is  in  Fig.  19.  Also  shown  are 
sources  lag>  and  |b^>  from  the  :eroth-order  equivalent  circuit.  Figure 
19  is  a complete  first-order  equivalent  circuit  for  scattering  represen- 
tation. The  corresponding  iinnittance  representation  will  be  derived  next. 


Fig.  20  shows  a small  parallel  perturbation  on  a MTL.  The  perturba- 


tion  is  described  by 

A 

N 

A 

(94) 

and 

ll2>  - Y IVj^> 

(95) 

Kirchhoff  current  law  requires 

|Il>  - |I2>  |Ir> 

(96) 

Change  variables  |V>  and  (I>  into  |a>  and  |b>  according  to 

(36).  Then,  (94)  and  (96)  become: 

(35)  and 

V'v  iv^  “ V'v  iv^ 

(94a) 

MiflV  • X V’v  ^ 

(95a) 

Hiltiply  the  first  eqiiation  from  the  left  by  and  the  second  equation 
by  Mj^.  Use  (C-46)  and  (C-47)  to  obtain 
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iv  * iv " iv  * IV 
iv  ■ IV  " ^iv  ■"  -IV  ■"  iv  ■ IV 

where  the  normalized  admittance  matrix  is  introduced  as 

V = t-r  Y M (-9-1 

By  subtracting  the  above  two  equations  one  obtains 

IV  * -(2!J>v)’^^|aL>  + 2(2U+x)'^|b^>  (98) 

When  the  normalized  acimittance  matrix  is  "small",[19]  ,it  is  possible  to 
use  the  first  two  terms  frcm  Neumain's  series: 

(2U  ^ - 7Z) 

Retaining  only  the  linear  terms  in  (98)  is  approximately  given  by 


I V ' ■ I ^ I V ^ 1 IV 

Next,  consider  a small  series  perturbation  in  Fig.  21,  described  by 

|Il>  - |Ir>  (100) 

|Vi>*Z|Il>  (101) 

and 

|Vl>  • |Vi>  |Vj^>  (102) 

Expressed  by  scattering  variables 

Mj(|aj^>  - |bL>)  •Mj(|a^>  - |bj^>)  (100a) 

^•flV  * IV^  * * IV^  "■  -V^IV  IV^  (101a) 
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From  (89)  and  (90)  it  can  be  seen  that  all  the  elements  of  H and  of 
E are  real  and  proportional  to  frequency  w.  Thus,  the  elements  of 
2 are  represented  by  self  and  mutual  normalized  inductances 

z = (109) 

where : 

These  inductances  may  be  positive  or  negative,  depending  on  the  signs 
of  h . and  h . . 

XI  xj 

Analogously,  the  normalized  admittance  matrix  consists  of  self 
and  coupling  capacitances; 

V = -j  UJ  c (111) 

where  the  elements  of  c are 

The  negative  sign  signifies  that  the  capacitance  is  negative  if  the  pro- 
duct  ®yi®yj  comes  out  to  be  positive.  A note  of  e.xplanation  is  necessary 
on  the  meaning  of  the  coupling  capacitance  c^j  (when  i j).  Such  a cir- 
cuit element  does  not  exist  in  lumped- circuit  theory.  It  signifies  that 
the  current  at  the  port  i is  proportional  to  the  rate  of  change  of  vol- 
tage at  the  port  j,  the  constant  of  propxsrtionality  being  defined  as  a 
coupling  capacitance. 

Finally,  to  obtain  the  actual  impedance  matrix  Z,  (103)  has  to  be 
denormalized  as  follows 

1 * My  1 My  “ i My  (113) 

I 
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Similarly,  the  denormalized  admittance  matrix  is 

I * 2:  Mj  = -jo,  Mi  £ - (114) 

Note  that  all  the  matrices  on  the  right-hand  sides  of  (113)  and  (114)  are 
real,  thus  the  equivalent  circuit  is  easy  to  interpret. 

When  also  the  voltage-  and  current  sources  from  (52)  and  (55)  are 
included  in  the  circuit,  the  complete  first-order  equivalent  circuit  takes 
the  form  shown  in  Fig.  23, 

This  representation  is  valid  below  the  first  resonant  frequency 
of  the  aperture.  As  shown  in  reference  [20],  the  lowest 
resonance  of  a circular  aperture  of  radius  a appears  at 

k a = 1.841 

Thus,  the  representation  is  valid  for  frequencies 

f « 87.9«10^ 

a 

For  an  aperture  of  radius  a = 10  cm,  the  equivalent  circuit  is  valid  for 
f«  880  Miz.  The  validity  of  the  equivalent  circuit  could  be  further  ex- 
tended in  the  region  close  to  the  aperture  resonance  by  the  methods 
described  in  [21],  which  will  not  be  pursued  here. 

The  circuit  diagram  of  matrix  ^ for  a 3-conductor  systan  is  shown  in 
Fig.  24a.  The  self  inductances  are  denoted  by  and  L23,  and 

[20]  R.  E.  Collin,  Foundations  for  Microwave  Engineering.  New  York- 

McGraw-Hill,  l^bT  p.  111.  

[21]  L.  Matthaei,  L.  Young,  E.  M.  T.  Jones,  Microwave  Filters. 

^ Couplingl>'tructures.  New  York: 
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the  mutual  inductances  are  denoted  by  L^j,  and  L,j.  The  voltage 
Vj^  is  then  given  by 

Vi  . * L^jVj) 

Analogous  expressions  are  valid  for  V2  and  Vj.  This  circuit  is  familiar 
from  the  conventional  circuit  theory'  anU  it  does  not  require  further 
comnents.  However,  the  circuit  representation  of  the  matrix  Y is  some- 
what unconventional.  The  self  capacitances  are  denoted  by  Cji*  C22  . 
and  C^y  vdiile  the  coupling  capacitances  are  denoted  by  ^12’  ^23’  and 
Cjj.  The  current  Ij^  is  given  by 

^ ^ CjjVj) 

and  similar  expressions  may  be  written  for  I2  and  Ij.  The  negative 
sign  signifies  that  all  these  capacitances  are  negative,  as  compared 
with  the  conventional  capacitances.  From  the  point  of  view  of  energy 
balance,  the  nega^’ive  capacitance  is  an  activ-e  elonent,  capable  of 
supf'lying  the  energy  to  the  rest  of  the  network.  This  may  be  considered 
as  an  inconsistency  of  the  equivalent  circuit  of  the  aperture,  but  it 
will  be  shown  that  these  negative  capacitances  are  extremely  small. 
Furthermore,  the  negative  capacitance  can  be  thought  of  as  the  element 
which  represents  missing  capacitances  on  a uniform  transmission  line  which 
is  perturbed  by  the  aperture. 

The  values  of  the  elements  in  the  equivalent  circuit  from  Fig.  24 
will  be  next  computed  for  a 2-conductor  parallel-plate  MTL  described 
in  Section  IV.  For  a circular  aperture  of  diameter  d ■ 2 cm  the  electric 
modal  functions  are  confuted  from  (68) 
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e„i(Xr,,0)  - - 613.58 

^ 1.10*'^ 


ev2(Xn,0)  - - -236.90 

^ 1.10  ^ 


The  values  of  the  magnetic  modal  functions  at  the  position  of  the 
aperture  are  found  from  (69) 

hxiCXo.O)  » -0.81491  “ 0.42212 

From  (110)  and  (10)  the  normalized  inductances  are  obtained  as 

= 1.1127  • 10'^^,  1^2  * 2.9855  • lO'^^  , = -5-7636  • lO'^^ 

For  the  frequency  1 GHz,  the  normalized  reactances  are 

ojAjj  - 6.9913  • 10'^  , (Jil22  = 1-8758  • lO'^  , “ -5-6214  • lO’^ 

Similarly  the  normalized  susceptances  in  parallel  with  the  MTL  are 
found  frcan  (112)  and  (10) 

wCjj  - 1.3963  • 10’^  , a)Cj2  “ -S.3909  • lO'^  , 10022  * 2.0814  • lO'^ 

Therefore,  even  at  the  highest  frequency  of  interest  for  EMP  calculations, 
the  normalized  reactances  and  svisceptances  are  small  numbers.  Thus  it 
is  expected  that  they  do  not  cause  appreciable  reflections  when  a wave 
is  propagating  along  the  MIL. 
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Consider  that  an  incident  wave  laj^>  is  coming  from  the  left 
toward  the  equivalent  circuit  of  the  aperture  in  Fig.  22.  .Assuning 
that  the  right-hand  side  of  the  equivalent  circuit  is  terminated  in 
an  infinitely  long  NITL,  it  is  of  interest  to  find  in  terns  of 
|;Y>.  Since  for  an  infinitely  long  NfTL  the  vector  |bj^^  vanishes, 
the  eiiiiation  (lOo)  gives 


lbj^>  ■ SU-y)  laj^> 


UUa) 


Therefore,  the  reflections  due  to  the  presence  of  the  equivalent  cir- 
cuit on  a unifoim  NTTL  are  determined  by  reflection  matrix  £ 


r - hU-y)  - 4 


u,tii  - uCjj 
'*>^12  '*^12 


u>ii2  > u>Cj, 

“*^22  ^^22 


(114b) 


For  the  case  under  consideration,  the  reflection  matrix  is 

■»  -3' 

1.0478  • 10  “ -9.0123  • 10 

-’•*  3 -3 

-9.0123  * 10'^  3.9572  ‘ 10 


(114cl 


It  can  be  seen  that  the  reflected  amplitude  of  the  first  mode  is  only 
l.OSt  of  the  incident  amplitude  for  the  same  mode.  The  other  reflections 
are  even  smaller  than  1\.  At  lower  frequencies  all  coefficients  of  the 
reflection  matrix  are  proportionally  reduced.  This  fact  justifies 
the  procedure  from  Section  IV  of  computing  the  voltage  waveforms  by 
entirely  neglecting  the  presence  of  inductances  and  capacitances  in 
the  equivalent  circuit. 
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It  is  of  interest  to  investigate  the  equivalent  circuit  of  the 
aperture  on  a single-conductor  transmission  line.  The  geometry  of  the 
problem  is  such  as  specified  by  Fig.  3.  A round  wire  of  radius  r is 
placed  in  parallel  with  the  ground  plane,  so  that  the  center  of  the 
wire  is  elevated  above  the  ground  plane  for  distance  d.  The  circular 
aperture  of  radius  a is  located  atx-XQ,y*0,  i-O. 

When  N - 1,  it  follows  fixjm  formulas  in  Appendi.x  C that 
matrices  Mj  and  reduce  to  sinple  scalars: 


M 


I 


(114d) 


where  C'  and  L'  are  the  distributed  capacitance  and  inductance  of  the 
single-wire  transmission  line.  When  the  subscripts  i and  1 are  omitted, 
the  normalized  inductance  from  (110)  becomes 


i - ua^h^(xQ,0)  (114e) 

and  the  normalized  negative  capacitance  from  (112)  becomes 

c • co^CyCxQ.O)  (114f) 

The  normalized  modal  fuKtions  h^^  and  e^  for  the  TBI  mode  of  a single 
wire  above  the  ground  plane  have  be«i  derived  in  [13]  as  follows 

(13)  D.  Kajfez,  "Excitation  of  a Terminated  TEM  Transmission  Line  Through 
a Small  Aperture,"  Interaction  Note  2lS,  July  1974. 
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\ T y 

n/r  (X  2 


(114g] 


e . nh 

^ , TTl^  (Xq^  ♦ h^) 

where  h denotes  the  reduced  height  of  the  wire: 

In  order  to  obtain  the  actual  values  of  the  equivalent  inductance  and 

capacitance,  the  values  are  to  be  denotrnalized  according  to  (113)  and 
(114) : 


(114h? 


(114i] 


Z » jai,  » z 

(114j) 

Y ■ -jcuC  * -jaiMj^y 

(114k) 

The  values  of  L and  C are,  therefore 

h2 

ir^(Xo2  ♦ h2)2 

(115) 

C • n 

(116) 

(116) 


The  similar  fomilas  have  been  derived  by  Lee  and  Yang  [22] . Their 
formulas  (20. a)  reduce  to  (115)  and  (116)  in  the  case  of  a thin  wire 
(r  « d,  h • d) . For  thick  wires  it  is  believed  that  (115)  and  (116) 
are  more  accurate,  because  the  exact  TEM  modal  functions  have  been 
used  in  the  derivation. 


[22]  K.  S.  H.  Lee,  F.  C.  Yang,  "A  Wire  Passing  by  a Circular  Aperture 
in  an  Infinite  Ground  Plane,"  Interaction  Note  317,  February  1977. 


EMP  3-39 


347-67 


SECTION  VI 

I.NrrERACriON  beticen  an  .apekture  and  a single  wire 


In  this  section  we  examine  the  validity  of  the  assumption  that  the 
dipole  moments  in  the  aperture  can  be  determined  from  the  plane  wave  exciting 
the  aperture  ignoring  the  presence  of  the  NfTL.  Tliis  ass'mption  has  been 
used  to  derive  the  model  for  aperture  coupling  to  the  lines  in  the  preceding 
sections.  For  simplicity,  we  treat  only  a single  wire  line  over  a ground 
plane.  It  is  possible,  in  principle,  to  extend  the  analysis  to  treat  a NfTL 
backscattering  into  the  aperture  by  superimposing  the  backscatter  from  the 
individual  lines,  accounting  for  the  mutual  interaction  of  the  various  con- 
ductors. The  general  situation  is  too  difficult  to  treat  here,  however.  As 
an  additional  simplification,  we  assume  the  conducting  line  is  bare. 

Referring  to  Figs.  2 and  3,  in  addition  to  the  plane  wave  fields 
and  exciting  the  aperture,  we  must  now  consider  aperture  fields 

and  which  are  the  fields  reradiated  frcsn  the  transmission  line, 
s s 

The'e  fields  are  linearly  related  to  the  dipole  moments  in  the  aperture  and 
we  show  in  the  following  that  they  can  be  written  as 


- t_c 


xs 


m mx 


(117) 


jint 

Vs 


^e^ey 


(118) 


where  f,„(tg)  is  the  x(y)  coirponent  of  the  short  circuit  magnetic  (electric) 
field  at  the  aperture  reradiated  from  the  line  due  to  the  appropriately 
directed  unit  magnetic  (electric)  current  moment  in  the  aperture.  In  the 
absence  of  any  other  sources  in  the  interior  region.  Equations  (8)  and 
(9)  in  combination  with  (117)  and  (118)  become 


noc  (l-jwua^tj 


(119) 
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Iwea^  h 
•'  e vs 

l^iuiea  t 
e e 


It  is  easily  seen  that  the  ccxiplinji  from  the  line  to  the  aperture  can  thus 
be  neglected  if  it  can  be  shown  that 

Vm  1 u:i) 


Ve  ^ 

In  the  following  we  determine  t^  and  t^^,  the  aperture  fields  scattered  from 
the  wires  due  to  unit  electric  and  magnetic  diixjles  in  the  aperture. 

Beginning  with  the  dipole  sources  c^  and  c^  (see,  e.  g.,  Fig.  Ub)), 
and  a single  wire  in  the  internal  region,  the  ground  plane  is  removed  so 
that  the  dipole  and  wires  are  imaged  as  in  Fig.  25.  Note  that  imaging  merely 
doubles  the  current  moments  of  the  dipole  sources.  Transverse  polar  coordi- 
nates  p ■ (0,^)  and  - (p^,^ J measured  from  the  wire  axis  and  the  image 
wire  axis,  respectively,  are  also  introduced  in  Fig.  25.  The  vector  o^ 
establishes  the  location  of  the  aperture  with  respect  to  the  wire  axis. 

The  fields  due  to  the  dipoles  in  the  absence  of  the  conductors  may  be 
determined  from  free  space  magnetic  and  electric  vector  potentials  given  by 


u c e 
ev 


•jk|r-.Xoaj^| 


- Onl 


respectively,  where 


^ Snx  ^ 

■ > y\  * 


-jkIr-.XQa^| 
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repres5iting'^®a^rturer°^‘^  screen  with  equivalent  dipole  moir 


100 


The  currents  on  the  wire  and  its  image  are  assimed  to  be  entirely  z -directed 
but  in  opposite  directions.  Hence  they  determine  a magnetic  vector  potential 
A,  which  can  in  turn  be  used  to  determine  all  field  quantities.  Boundary 
conditions  require  the  z-component  of  electric  field  to  vanish  at  the  surface 
of  the  upper  wire  in  Fig.  25.  However,it  must  vanish  everywhere  interior  to 
the  wire  as  well  and  if  we  restrict  our  observation  to  the  wire  axis,  o = 
only  the  total  or  average  current  I(z3  from  the  upper  wire  contributes  to 
the  vector  potential  there.  This  choice  of  the  observation  point  thus  averages 
out  of  the  problem  any  circumferential  variation  in  the  current  on  the  upper 
wire;  the  circumferentially  varv’ing  currents  on  the  image  wire  do,  however, 
contribute  to  the  vector  potential  at  p"5.  But  if  the  wire  is  thin  and 
sufficiently  far  from  the  ground  plane  in  terms  of  the  wire  radius,  i.e. , if 

kr  « 1,  (125) 


r « d,  (126) 

then  the  image  wire  may  essentially  be  replaced  by  a line  source  along  the 
image  wire  axis  which  carries  a current  I(z)  directed  opposite  to  that  of  the 
upper  wire.  In  other  words,  under  conditions  (125)  and  (126),  if  the  image 
wire  is  replaced  by  multipole  line  sources  located  at  the  contributions 

of  the  dipole,  quadrupole  and  higher  order  multipole  terms  can  be  neglected 
compared  to  that  of  the  monopole  current  filament  I (z) . Thus  the  magnetic 
vector  potential  along  the  upper  wire  axis  due  to  the  wire  and  image  current 
is  approximately 


OD 


Along  the  axis  of  the  upper  wire  E^,  must  vanish,  that  is 
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or  writing  out  the  desired  components, 


1 

C 2 1 

k^ 

A 

1 "> 

, a'-A 

_ 1 ey 

1 '^mx 

jwue 

[3^  J 

^2 

jwpe  9z3y 

p = 5 

e ay 

(129) 

Equation  (129)  with  (123),  (124),  and  (127),  is  an  integro-differ- 

ential  equation  for  the  current  I(z)  induced  on  the  transmission 

line  bv  current  moments  c and  c„  in  the  aperture.  In  order  to 

ey  mx 

determine  the  current  we  introduce  the  Fourier  transform  pair 


Hz)  = — 


00 


• 00 


-jKz 

tj)(k2)e  dk^ 


(130) 


00 


+jk  2 

i|;(z)  e dz 


(131) 


where  the  tilde  indicates  Fourier  transformed  quantities.  Writing  the 
current  in  (127)  as  an  inverse  transform  and  making  use  of  the  identity 


-jk/o^+Cz-z')^ 

e 


7 T 

p^+Cz-z*)^ 


H(2)cy,e 


■jk_(z-z') 


dk. 


(132) 
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/ 1 ^ 

where  k - vlc'-k/  ,Rek^>C,  lmkp<0,  (127)  becon»es 


ICkJ[Hj-^k*r)  - HJ“^2k•d)] 


■.Uk,-k:):' 


-jk^z 

'<  e “ dk.dk:dz’ 


Notinjj  that 


-jlk,-k:)2' 
e “ dz' 


2n6lkj,-k:3 


(.133)  simjilit'ies  to  the  transform  representation 


o-il 


iCkj)  (Hj-^k^r)  - Hj‘^2k^d)le  ^ ^“dk. 


Similarly,  we  express  the  right  hand  side  of  (129)  in  transform  representa- 
tion: 

■A  . , r...  .-■"'iHli 


2 r 

i>  -4-  1 

3c3v  ;t  Tzdy  ^ I 

o-O  2tt  |r-pJ  j 


OD 

~4]?^  ihy  ^ ^ S-<5 


A>d^  )e 


-jk,2 


)e  ‘ dk. 
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J4  7-7) 


atxl 


mx 


3 


[e  c I 
mx 

2ff 


2ff|r-P(,| 


rtO 

, ^mx  3 I ,,12).,  I* 

-JJT  17  J ”o 


* '.1^.2 
0^^|)e  *■  ak. 


p“5 


jt  a 

•'  mx 


n — f 
4n 


oo 

X 


h1‘-  !k  /i,>  a' 


^ ,1  *•  , » 4\,\ 

Pi  I P 0 


-ik.: 

c *•  ak. 


U37) 


Substituting  il3S),  (136)  and  (157)  into  (129)  and  taking  the  Fourier 
inverse  of  the  resulting  equation  yields  finally  the  transform  of  the  current, 


Uk.) 


iv^d  ”1“^  k’^0  ^ f''Sn.> 


kp^ 


k^c 


ev 


(138) 


where  I„(kj)  and  I^(k,)  are  identified  as  the  partial  currents  arising  from 
the  corresponding  source  terms  c^  and  c^^,  respectively.  Note  that  is 
an  even  function  whereas  is  an  odd  function  of  the  variable  k,. 
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The  total  line  current  can  be  obtained  by  taking  the  Fourier  inverse 
of  (138).  Our  interest,  however,  is  in  obtaining  the  fields  that  the  wire 
and  unage  currents  scatter  into  the  aperture  and  these  can  be  found  most 
easilv  from  the  vector  potential  expressed  in  terms  of  the  current  transform. 
The  vector  potential  at  an  arbitrary  point  is  obtained  by  again  treating 
both  the  line  and  its  image  as  current  filaments  at  p-i5  and  p.-U,  respectivelv; 

I -1 

I d:’ 


A 


U'-M 


J 


-jk  I pt-a, 


|p*a,(2-:') 


Tj.'TtT 


' ” i k * 


(139) 


where  .again, (132)  and  (134)  have  been  used.  The  desired  field  quantities 
in  the  aperture  are 


-int  . _1__ 

"ys  icoue  9v3z 


id 


X-Xq, 

y»i«0 


_ /T — -j 
Zy'ZitwevXQ  d 


dk. 


JL 


2v7?(*)€*4  ^ ♦ d 


♦ d‘  ^ 


c_..n  r d2 

XQ^d 


"S' 


f - 

J H, 


t_c^ 


i^-^kpD  -H;j“'(2kod) 


(140) 
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(141) 


where  we  have  used  the  even  and  odd  properties  of  and  to  appropriately 
simplify  the  integrals  (140)  and  (141). 

Returning  to  the  examination  of  conditions  (121)  and  (122),  we  first 
note  that  the  four  parameters  k,  Xq,  d,  and  r in  the  integrals  can  be 
reduced  to  three  parameters  if  all  distances  are  measured  in  terms  of  wave- 
lengths. Thus,  we  examine 
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e e 


(SF)g(la)^(kd)2tg(kxQ,  kd,  kr) 
(lOCg)^  + (kd)^ 


(143) 


where  we  have  introduced  the  aperture  shape  factors  defined  as 


(SF) 


m 
m 


(144) 


CSF).  ■ ^ 


(145) 


where  and  are  the  aperture  polarizabilities  and  I is  the  largest  aper- 
ture dimension.  The  shape  factors  have  been  determined  for  a variety  of 
aperture  shapes  by  numerical  and  experimental  means  [11-12]  and  are  typically 

somewhat  smaller  than  unity.  The  normalized  functions  t and  t are 

me 

defined  as 


n(XQ+d^) 

t (kx  kd,  kr)  = f-T-  ^m 
m V k d 

r-’i  2 

■^^^)[(kxQ)'^>(kd)^l  da 

h(2)  . hC2)  /T;r^d 


(146) 


[11]  S.B.  Cohn,  "Determination  of  Aperture  Parameters  by  Electrolytic- 
Tank  Measurements",  Proc.  I.R.E..  Vol.  39.  po.  1416-1421.  November 
1951. 

[12]  S.B.  Cohn, ’The  Electric  Polarizability  of  Apertures  of  Arbitrary 
Shape,"  Proc.  I.R.E..  Vol.  40,  pp.  1069-1071,  September  1952. 


I rf’  ’i-'  - — 
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Since  our  assumption  that  the  aperture  may  be  replaced  by  current  moments 
Cg  and  requires  that  the  aperture  be  small,  say  less  than  a tenth  of  a 
wavelength,  then  (ki)^  < .25  and  since 


(kxy)‘  (kd)" 


(148) 

(149) 


we  need  only  demonstrate  that 


« 1 


(ISO) 


l?el  1 (151) 

to  show  that  the  wire  does  not  sufficiently  excite  the  aperture  that  its 
eifect  needs  to  be  accounted  for  in  computing  the  aperture  dipole  moments. 

The  Integrals  (146)  and  (147)  are  numerically  evaluated  by  (1)  noting 
the  symnetry  of  the  integrals  about  a ■ 0;  (2)  integrating  nunerically  using 
Gauss- Legendre  integration  on  the  interval  0 <.  a <.  2,  with  a singularity 
of  the  form  l/(a-l)  removed;  (3)  adding  a contribution  from  the  branch  point 
at  a ■ 1;  and  (4)  integrating  nunerically  on  the  interval  2 < o < * using 
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Ctauss-Lagvierre  integration  which  assumes  im  exixinentially  decaying  integrai\d. 

The  appropriate  rate  of  exponential  decav  in  the  integrand  can  be  detei-mined 
from  the  large  argument  approximations  to  the  Ituxkel  fimctions  appearing  in 
lU6)  ;md(147). 

From  the  numerical  calculations,  Figs.  ;p-53  show  that  ov-er  a wide  range 
of  parameters  Kd,  and  kr,  Eqs.  USO)  and  (.151)  ai-e  indeed  satisfied.  How- 
ever, when  the  wire  is  directly  above  and  close  to  the  aperture  (.kx^^  - 0 .ind 
kd  snuin,  i.l.'iO)  .ind  (151)  ai-e  not  satisfieil.  If  the  wire  is  close  to  the 
.ij'erture,  liowever.  the  apertui-e  .nust  be  small  in  order  for  the  dipole  nwmient 
representation  to  j-enuiin  valid,  calculations  by  Lee  and  V.ingj::|^  indicate 
that  the  dipole  moment  representation  of  a circular  aperture  (without  considering 
backscattering  fixMit  the  wire)  is  accurate  to  about  UH  only  if  ;kt  < kd  ;md  it 
seems  reasonable  that  this  upper  bound  on  the  maximum  aperture  dimension  would 
hold  for  other  aperture  shapes  as  well.  Using  this  as  an  upper  boimd  on  kt 
.ind  (Voting  that  t and  t are  largest  when  kx,,  p 0,  it  is  sufficient  to  show 
that 

(t1  -<  1 (is:) 

I t^(0,kd,kr)  I 1 (l.S.5> 

in  order  to  exclude  consideration  of  wire-to-aperture  coupling.  These  quanti- 
ties are  plotted  in  Figs.  34-35.  The  figures  show  that  the  effect  of  the  wire 
on  the  aperture  dipole  moment  is  negligible  whenever  the  representation  of  the 
aperture  by  dipole  moments  is  valid. 

This  completes  the  task  set  for  this  .section,  but  it  is  interesting  and 
instructive  to  return  to  the  current  transform  (l.'S)  and  use  it  to  find  the 
current  on  the  line  by  inverse  transforming; 


[::i  K.  S.  H.  Lee,  F.  C.  Y.ing,  ".A  Wire  Passing  by  a Cirailar  Ajierture  in  an 
Infinite  Groiind  Plane,"  Interaction  Note  5l",  February  l^". 
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Fig.  32.  Magnitude  of  for  a wire  of  radius  kr  * 0.0001. 


116 


KR=  0.0001 


O — a K0=  0.C002 
O — © K0=  O.IOOO 
A — 4k  K0=  0.2000 

H H KD=  0.3000 

X — X KOs  0.4000 

^ e>  KOs  0.5000 

-t 1 KOs  0.6000 

X — X K0=  0.7000 
Z — Z K0=  0.8000 
Y — Y K0=  0.9000 
* — X KD=  l.OOOO 


[io  o'.40  o'.eo  0^80  T.o 

KX 


Fig.  ;^3.  NkikinituJe  of  for  a wire  of  radius  kr  • O.OdOl 
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Fig.  34.  Magnitude  of  (kd/2)^  ' 
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The  contour  of  integration  in  (1S4)  is  shown  in  Fig.  36  which 
assumes  that  the  medium  is  very  slightly  lossy  so  that  k is  com- 
plex. Branch  cuts  in  the  plane  are  chosen  along  the  loci 

Imk  * 0 and  k is  assumed  to  be  in  the  sheet  Imk  < 0 so  that  the 

0 z p 

radiation  condition  is  satisfied  for  each  component  cylindrical 
wave  in  the  integral  representation  (154>.  If  z is  positive,  the 
contour  then  may  be  deformed  around  the  branch  cut  as  shown  in 
Fig.  37  (where  k has  also  been  allowed  to  become  real)  and  the 
integral  becomes 

1(2)  . I (2)  + I (2)  (155) 

e m 

where 


■ -lg(-z) , 2 > 0 (156) 
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Fig.  36.  Branch  cuts  and  contour  of  integration  in  the  k,  plane. 


Fig.  37.  Deformation  of  the  contour  around  the  branch  ait. 

121 


EMP  3-39 


347-91 


I (-z'l,  : >0 
m 


(157) 


The  first  two  terms  on  the  right  hand  side  of  tlSb)  and  (157) 
represent  the  TEM  modes  excited  by  the  electric  and  magnetic  di- 
poles, respectively,  and  arise  from  the  branch  point  contribution 
from  the  deformed  path  in  Fig.  57.  The  remaining  two  integrals  in 
each  expression  represent  the  current  due  to  the  propagating  and 
the  evanescent  spectrum,  in  that  order.  Noting  that  the  inte- 
grands for  the  evanescent  fields  are  bounded  by  some  number  C, 
we  can  bound  those  integrals  by  the  integral 


Ce''^-dc. 


-d'il/z). 


(]S3) 


The  integrands  for  the  propagating  fields  are  of  bounded  variation 
and  hence,  by  the  Riemann-Lesbegue  lemma,  [231,  are  (^1/:  as  well. 
Hence,  for  large  :, 

IC)  - 

\ ey  n / (x^r+d  )log  — 


wiiich  shows  that  at  large  distances  from  the  aperture,  only  the 
TEM  wave  is  significant. 


E.  T.  Whittaker,  G.  N.  Watson,  A Course  of  Modern  Analysis, 
New  York:  Cambridge  Press,  1975,  p.  1 72 . ^ 
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APPENDIX  A 

LUMPED  ELEMENT  TRAVELING  WAVE  SOURCE 

In  many  network  computations  it  is  convenient  to  use  scat- 
tering parameters,  defined  in  (ref,  Al) , (ref.  A2) 


2/R 


^'•'k  * 


^ I 1 
"Ok  k-* 


Ok 


(Al) 


(V, 


- ^ok^k^ 


(A2) 


In  the  above,  Vj.  and  Ij^  are  the  actual  (not  normalized)  voltage 
and  current  at  port  k of  an  N-port,  while  » Rqj^  + j^Ok 
normalization  impedance  at  port  k.  The  asterisk  denotes  a com- 
plex-conjugate number.  When  scattering  representation  of  net- 
works is  used,  it  is  convenient  to  replace  the  voltage  and  cur- 
rent sources  with  corresponding  traveling-wave  sources.  It  seems 
that  no  convenient  circuit  elements  have  been  found  for  that  pur- 
pose. Penfield  and  Rafuse  (ref. A3)  have  used  a symbol  reminis- 
cent of  a voltage  source  in  combination  with  a directional  coupler, 
such  as  in  Figure  Al.  However,  this  symbol  represents  a pure 
traveling-wave  source  only  in  the  limiting  case  when  the  coupling 
tends  to  zero  and  the  voltage  source  tends  to  infinity.  For  any 
finite  value  of  the  coupling,  a fraction  of  the  energy  from  the 
main  guide  will  be  unavoidably  absorbed  in  the  matched  termination. 

Al , D,  C.  Youla,  "On  Scattering  Matrices  Normalized  to  Complex 
Port  Numbers,"  Proc.  I.R.E.  Vol.  49,  p.  1221,  July  1961. 

A2.  M.  T.  Carlin,  A.  B.  Giordano,  Network  Theory,  an  Introduction 
to  Reciprocal  and  Nonreciprocal  Circuits.  Englewood  Cliffs: 
Prentice  Hall,  1^64,  pp.  326  and  144. 

A3.  P.  Penfield,  Jr.,  R.  P.  Rafuse,  Varactor  Applications. 
Cambridge:  M.I.T.  Press,  1962,  p.  26. 
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A convenient  source  of  the  traveling-wave  to  be  proposed 
here  is  a combination  of  the  voltage  source  and  the  current 
source  such  as  shown  in  Figure  A2(a).  To  verify  this,  write  the 
Kirchhoff  laws  for  this  circuit: 


Ij  + I,  ♦ Ig  = 0 lA5) 

Vj  - V,  + Vs  - 0 tA4) 


Take  the  normalization  impedance  for  the  port  1 to  be  and 
for  the  port  2 to  be  2^,.  Then  using (Al)  and  (A2)obtain  the 
following: 


7 +7  * 

"02  "02 

“02  01 


7 - Z * 

^01  ^02 
<7 — r’» — 
“01  “02 


' 

“Ol^s'^s 

®l 

/Ko2 

“01  “02 

• 

^OZ^s'^'^s 

(AS) 

. 

^2 

J 

7 ^ " 

“01  “02 

A convenient  choice  of  the  normalisation  impedance,  is  as 
follows : 

“01  ’ ^02  ‘ ^0  ’ S " j^O 


When  such  a choice  is  made  the  diagonal  terms  in  (AS)  become  zero 
and  the  two  port  in  Figure  A2a  becomes  an  allpass: 


9 

0 

1 

=1 

'^o‘s-''s 

^2 
\ V 

1 

0 

“2 

/S's*'',. 

Furthermore,  the  source  of  the  outgoing  wave  at  port  1 can  be 
made  equal  to  zero  by  choosing 


(A8) 
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Fig.  .'U..  Conventional  symbol  for  traveling -wave  source. 


Fig.  A2(a).  Combination  of  voltage  and 
current  sources. 


Fig.  A2(b).  Proposed  symbol  for 

traveling- wave  source. 
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Therefore,  under  constraints  (A6)  and  (A8) , the  circuit  in  Figure 
A2(a)  becomes  a true  source  of  an  outgoing  wave  emerging  from 
port  2.  Matrix  equation  (AS)  reduces  to 


bi  - a. 


(A9) 


*^2  • * ^’s 

where  the  outgoing- wave  source  b-.^  is 


(AlO) 


b. 


“ ‘'o 


1 > 


V'ery  often,  one  chooses  a real  normalization; 


■01 


7 ■ R 

“02  *^0 


(All) 


(Ai:) 


so  that  the  corresponding  outgoing- wave  source  becomes 


From  (A9)  it  is  apparent  that  any  wave  a,  impinging  upon  port  2, 
passes  through  the  circuit  in  Figure  A2a  unaffected,  and  emerges 
at  port  1 as  an  outgoing  wave  b^.  On  the  other  hand,  it  follows 
from  (AlO)  that  wave  a^^,  incident  at  port  1,  passes  unaffected 
through  the  circuit  and  emerges  at  port  2.  In  addition  to  a^^, 
a source  wave  b2g  also  emerges  at  port  2.  This  source  wave  is 
independent  of  b^  or  b2.  Hence,  it  has  been  shown  that  a source 
of  a traveling  wave  is  a twoport  consisting  of  a voltage  source 
and  a current  source  such  as  in  Figure  A2a.  These  two  sources 
must  be  related  by  (A8)  and  the  normalization  impedances  must  be 
selected  according  to  (A6)  for  the  complex  normalization,  or 
according  to  (A12)  for  the  real  normalization. 
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4 


To  simplify  the  circuit  diagrams,  the  traveling-wave  source 
between  ports  1 and  2 could  be  represented  by  a single  symbol 
such  as  in  Figure  A2b.  Note  that  the  symbol  represents  a two 
port  which  is  a three- terminal  device.  The  value  of  the  source 

^’Zs  given  by  (All)  for  complex  normalization  and  by  (A13)  for 
real  normalization. 
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APPENDIX  B 

MATRIX  ALGEBRA  IN  DIRAC'S  NOTATION 


The  presented  material  is  an  abridgement  from  (ref.  Bl) 
and  (ref.  B2).  A column  vector  in  an  N-dimensional  space  is 
denoted  by 


|x> 


A square  matrix  in  an  .N-dimensional  space  is  denoted  by 


^11 

"12'  • 

’ ^IN 

■21 

®22  ’ * 

' ^2N 

1 

• 

: 

* 

• 

* 

N1 

^N2 

®NN 

Matrix  A is  an  operator.  When  it  operates  on  vector  |x>,  the 
result  is  a new  vector  lv> 


|v>  » A|x>  (Bl) 

Using  the  rule  for  matrix  multiplication,  one  finds  that  the  kth 
component  of  the  vector  ( v>  is 


N 

I 

i-1 


A,  .X. 
kj  3 


(B2) 


?,*  Principles  and  Techniques  of  Applied  Mathematics. 

New  York:  Wiley,  1956,  pp.  l-3i.  

A»  Messiah,  Quantum  Mechanics.  Vol  I,  Amsterdam;  North 
Holland,  196?,  pp.  162-17$. — 
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The  transpose  conjugate  of  column  vector  jx>  is  denoted  by  <x|, 
and  it  represents  a row  vector  as  follows 


<x|  - (x*  x1  •• • X*)  , 


(B5) 


where  * denotes  a complex-conjugate  value.  The  transpose  con- 
jugate of  a square  matrix  A is  denoted  A* 


‘11 

* 

^12 


*M1 

ft 

*N2 


“SN, 


The  transpose  conjugate  of  a product  of  several  matrices  is 
obtained  by  reversing  the  order  of  multiplication  and  by  taking 
the  transpose  conjugate  of  each  individual  matrix  in  the  product: 


la  B g"  =•  c"'  b""  a"" 

The  same  rule  applies  if  one  of  the  matrices  is  a vector  (*N  x 1 
matrix) : 


(A  B I x>)  I A'^  B'^ 


(B4) 


The  result  of  the  above  operation  is  a row  vector, 
which  is  equal  to  its  own  transpose  conjugate : 


A matrix 


is  said  to  be  riermitian.  Instead  of  distinct  elements,  such 
a matrix  contains  only  4 N(N*1)  distinct  elements.  The  elements 
located  symmetrically  across  the  main  diagonal  are  complex  conju- 
gates of  each  other.  Also,  the  elements  on  the  main  diagonal  are 
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all  real. 

Frequently,  a product  of  a row  vector  and  a column  vector 
is  to  be  computed  as  follows 


< X I y > 


* * 

(x^  x. 


4) 


N 

I x*y  (B5) 

j=l  J ■’ 


y 


N 


Tlie  result  of  tins  operation  is  a scalar  (=  a complex  number), 

and  iB5)  is  called  scalar  product.  The  same  two  vectors  |x> 

and  |>'-  can  be  used  to  form  a scalar  product  in  the  reverse  order: 


:y  |x> 


* * 

l/l  72 


* 

Xm) 


N 

I y*x 
j = i ’ 


j j 


The  result  is  equal  to  the  complex  conjugate  of  (B5) . Thus, 

<x|y>  * <y|x>* 

If  one  of  the  vectors  in  a scalar  product  has  been  obtained 
by  the  linear  transformation  such  as  in  (Bl)  above,  the  scalar 
product  takes  the  following  form 

<v|y>  - <x|A'^|y>  (B6) 

Again,  the  result  of  this  operation  is  a scalar.  The  right-hand 
side  in  (B6)  may  be  interpreted  as  a scalar  product  of  the  row 
vector  <x|A^  with  the  column  vector  |y>.  Alternatively,  (B6) 
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may  be  interpreted  as  a scalar  product  of  the  row  vector  <x| 
with  the  column  vector  A^|y>.  Computing  the  product  in  either 
way  gives  identical  results,  because  a matrix  multiplication  is 
associative : 

A (B  C)  - (A  B)  C . 

Ulien  the  order  of  multiplication  in  (BSI  is  such  that  a 
column  vector  multiplies  a row  vector: 


v><x 


(Xj  X 


* 

^v) 


the  result  is  a square  matrix: 


vxx  ■ 


^1^1  ^1^2  ' ' ' ^l^\ 


[ '^N^l  V2 


CB7) 


This  is  a special  class  of  a square  matrix,  defined  by  only  2 N 
distinct  numbers  (y^  through  and  Xj  through  . 

One  of  the  advantages  of  writing  the  matrix  equations  in 
Dirac's  notation  is  that  the  notation  itself  clearly  indicates 
what  type  of  the  result  one  should  expect.  For  example,  the 
expressions  like 

<x|A|x>  , 0<c|x>  , <x|A^Bly> 


represent 

like 


scalars.  Another  class  of  expressions  which  looks 
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A|x>  , |x><y|c>  , I 

n»l 

represent  vectors.  Finally,  the  operations  like 

ABC*  or  A|x><b|B|y><cl 

will  each  result  in  a square  matrix.  For  the  sake  of  clarity, 
one  should  specify  the  following  was  assumed: 


ft.  01  • • • are  scalars, 

’ n 


x^>,  lx>,  (y>,  |b>,  |c'  • • • are  vectors. 


A,  B,  C • • • are  square  matrices 
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APPENDIX  C 

NULTICONDUCTOR-LINE  PORMULATIQN  BY  SIMULTANEOUS 
DIAOONALIZATION  OF  n\0  MATRICES 

Milticonductor  transmission  line  (abbrev.  MTL)  consists  of  N 
conductors  and  a reference,  or  a "ground"  conductor.  The 

voltages  of  each  conductor  with  respect  to  reference  are  arranged  in 

voltage  vector  1V>  f.. 

.1 

|v>  - ; 

ivNi 

and  the  currents  are  similarly  arr.anged  in  current  vector  |l>.  The 
length  coordinate  of  the  NfTL  is  while  the  cross  section  coordinates 
are  x and  y.  The  reference  directions  of  the  currents  and  voltages  on 

,'iny  of  the  conductors  are  such  that  real,  positive  values  of  and  E 

result  in  a power  flow  in  the  positive  z direction  (see  Fig.  Cl).  On 
the  lossless  NfTL,  the  sinusoidal  steady-state  voltages  and  currents  are 
related  through  the  following  equations  (see  e.g.  references  (Cl ) through 
(CSl) 

|v>  - -jojy  i>  (c  1) 

|I>  - -ju)KlV>  (C2) 

L is  the  inductance  matrix,  and  K is  the  electric  induction 
coefficient  matrix.  Often  a symbol  C is  used  to  denote  the  induction 
coefficient  matrix.  Unfortunately,  some  recent  publications  associate 
the  erroneous  term  "capacitance  matrix"  with  the  syitibol  C (see[C81  and 
[C9],  although  the  proper  term  should  be  "electric  induction  coefficent 
matrix',' (CIO) . To  avoid  the  possible  confusion,  SNinbol  K has  been  used  here. 
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Only  the  lossless  lines  without  magnetic  materials  and  with  iso* 
tropic  dilectrics  will  be  considered  here.  IVhen  the  dielectric  is 
homogeneous,  the  well-known  TBl  propagation  occurs,  in  which  all  the  waves 
propagate  with  the  velocity  of  light.  Such  MTL  are  ccnmonly  treated 
in  terms  of  impedance  parameters  [Cll],  [C8],  image  parameters 
scattering  matrix  parameters  [C13],  and  chain  parameters  {C14] , 

hhen  the  dielectric  between  conductors  is  not  homogeneous,  the  waves 
on  MTL  are  HB1,[C151,  i.e.  both  the  electric  and  the  magnetic  vectors 
acquire  a longitudinal  component.  However,  the  dominant  HBl  modes  do 
not  have  a cutoff  frequency,  and  at  very  low  frequencies,  their  longi- 
tudinal field  components  are  negligibly  small.  For  this  reason  these 
dominant  HBl  waves  are  called  "quasi -TH4"  waves,  which  are  the  subject 
of  the  present  report. 

The  formulation  of  voltages  and  currents  on  MIL  in  terms  of  voltage 
and  current  eigenvectors,  as  introduced  by  Am«niya  [C6]  and  Marx  [C7], 
is  well  suited  to  the  treatment  of  transients  as  well  as  steady  state 
waveforms.  Their  analysis  starts  from  the  decoupled  equations,  which 
are  obtained  from  (Cl)  and  (C2) : 

2-  'v>  * -uj^LK  |V>  (C3) 

dz^ 


7 

- ,(I>  - -w  KL  1I> 
dz 


(C4) 


In  the  present  report,  the  eigenvector  formulation  of  Amemiya 
and  Marx  will  be  extended  by  using  a simultaneous  diagonal ization 
of  two  matrices, IC8] , [C16] , [C17].  For  this  purpose,  it  is  convenient  to 
rewrite  (C3)  and  (C4)  as  follows: 
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1 


- 

dz- 

-a»“K|V> 

(C5) 

±\\l>  - 

-(d\|I> 

(C6) 

The  method  of  simultaneous  diagonal izat ion  of  two  real,  syitmetric 
matrices  JCl  ft  I, presents  a convenient  way  of  solving  these  two  equations. 
The  method  can  be  applied  only  when  one  of  the  two  matrices  is  positive 
definite.  Since  both  L and  K matrices  represent  the  stored  energy  of  a 
passive  multiconductor  network,  they  are  both  positive  definite  and  thus 
qualify. 

The  first  step  in  the  method  is  to  find  the  eigenvectors  lx^>  and 
eigenvalues  of  the  matrix  L 

L-l)x.>  - X.)x.>  (C7) 

The  corresponding  eigenvalue  equation  is 


det(L‘^-  XU)  - 0 


(C8) 


where  U is  the  identity  matrLx.  It  is  convenient  to  make  eigenvectors 
orthonormal : 

<xjxj>  ■ 6^j  (Kroneker  delta)  (C  9) 

Next,  a square  matrix  G is  formed,  having  eigenvectors  |xj>  for 
its  columns 

G-(|x.> |Xfj>)  (CIO) 

-1 


G is  an  orthogonal  real  matrix  which  diagonalizes  L 


as  follows 


g^'l'^g 


'K 


(Cll) 
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where  superscript  + denotes  a transpose  conjugate.  Since  L*^  is 
positive  definite,  X^'s  are  positive  real.  Therefore,  it  is  meaning- 
ful to  define  a square-root  matrix 


(C12) 


such  that 

A'**A  A’**  * U 

with  U being  an  identity  matrix. 

Next,  a new  variable,  |y>,  is  defined  in  terms  of  |V>  : 


1V>  . G A’*Iy>  (Cl  3) 

IVhen  this  change  of  variables  is  introduced  in(C5),  the  following 
equation  is  obtained 

.2 

-2ly>*-w  B|y>  (C14) 


where  B is  a symmetric  real  matrix 

B * A'^^G^KG  A'^  (CIS) 

where  (Cll)  has  been  used  to  eliminate  matrix  L. 


Thus,  B can  be  diagonalized  by  an  orthogonal  transformation  matrix, 
which  will  be  here  denoted  by  The  eigenvalues  of  B are  all  real 
positive.  It  comes  out  that  they  have  a dimension  of  inverse  velocity 
squared: 


(C16) 


where  |t^>  are  eigenvectors  of  B.  Transformation  matrix  ^ consists  of 
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orthonormal  eigenvectors  |t^>  as  its  columns: 

2-  (|ti> Iv^ 


CC17) 


5 diagonalizes  B as  follows 


f 1 


'1. 


1 

• T- 


(CIS) 


(Cl  l)  can  be  thus  diagonalized  by  the  following  change  of  variables 


|y>  = a 


(C19) 


Using  (C19)  in  (C14)  one  obtains  the  diagonal  equation 

2 f 6?  0 ‘ 

^2l?> 

dz'^ 


’4 


u> 


where 


6?  = for  i * 1,2,....N 

1 

(C20) is  a decoupled  system  of  differential  equations 

—7  C.  - -6?  i.  for  i - 1,2 N 

dz^  ^ ^ ^ 

which  has  exponential  solutions 


+ -jB^z  - jBjZ 


(C20) 


(C21) 


(C22) 


(C23) 


These  are  the  normal  modes  (or  fundamental  modes)  of  the  multiconductor 
transmission  line,  each  of  them  propagating  with  its  owi  propagation 
constant  in  the  positive  or  negative  z direction.  The  total  vector 
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;>  is  then 


N ^ -iS.: 

15>  - e-  ^ 

i-1  ^ 


♦ C.  e ^ )|u.> 


(.c;-n 


where  |Uj^>  denotes  a unit  coUrin  vector  having  all  zero  components  except 
the  ith: 


lO'i 

|0i 


ith  row 


ic:5) 


Vector  (C>  thus  represents  the  state  of  the  multiconductor  transmission 


line  in  terms  of  individual  modes,  the  component  describes  the  magni- 


tude of  the  ith  mode  at  some  position  z along  the  line.  Each  mode  has 
in  turn  certain  magnitude  of  voltage  and  airrent  on  each  of  the  conductors 
of  the  multiconductor  transmission  line.  Hie  voltages  on  individual 
conductors  can  now  be  detemined  by  transforming  the  coordinates  lt,> 
back  into  (\'>,  where  the  transformation  is  specified  by  (C15)  and  (Cl?) 


IV>  = G \^> 


ic;o) 


The  \-oltages  on  individual  conductors  are  now 


N ^ -16. : 

!'■>  “ I e ♦ 
i>l  ^ ^ 


. e 


) G A ^|t.> 


icr) 


In  the  above  (Cl') was  used  to  write  ■ |tj^>  . Tlie  current  vector 

may  now  be  obtained  from  |V>  by  using  (Cl): 


.N  0.  * .iSj:  , . 

-'I' 


(c:8) 


1 
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The  power  carried  along  the  multiconductor  transmission  line  is 


P • j Re  <V|  I>  (C29) 

where  <\^  denotes  a transpose  conjugate  of  |V>,  and  Re  denotes  the  real  part. 
For  simplicity,  consider  only  the  waves  propagating  in  positive  z direction 
= 0 for  all  i) . Then,  (.'C29)  gives  the  following  simple  expression  for 
the  power  transmitted  in  the  positive  z direction: 


(C30) 


The  i th  mode  carries  the  power  j (5*|-/v^.  In  analogy  with  the  two-wire 
transmission  lines  (which  e.g.  consist  of  a single  conductor  and  a shield), 
the  forward-wave  scattering  amplitude  of  the  ith  mode  will  be  denoted 
by  a^,  and  the  reverse-wave  amplitude  with  b^: 


a.  * 
1 


‘’i 


(C31) 


so  that  the  forward- traveling  wave  carries  the  power  the 

reverse- traveling  wave  the  power  In  terms  of  scattering 

amplitixies,  (C27)  becomes 

N -iS.z  j6-2 

|V>  « \ (a.e  ’ b.e  ^ ) ((|i.>  (C32) 

i«l  ^ 1 1 


where  the  voltage  eigenvector  is  defined  as 


Ui>  - ^ G A*‘*|ti>  (C33) 

The  current  vector  |I>  from(C28)  may  be  expressed  in  terms  of  the  same 
voltage  eigenvectors  as  follows: 
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N 

I>  - V 


I (ajC  ■ b,e  ) 7 L l»,> 
i“l  i 


(C54) 


Alternately,  one  can  introduce  the  current  eigenvectors  as  follows: 

1C551 


and  represent  the  current  vector  as 


N -36^: 

I>»T(a.e  -b.e  )l0-> 

i-1  1 1 1 


l.C3t)) 


If  iC3o) is  substituted  in(C2),  an  alternative  expression  for  |V> 
is  obtained 

N -jB.t 


1V>  - I (a.e  ' ^ ♦ b.e'  M > 

i-1  ^ ^ 'i  ^ 

Comparison  with  lC32K-ields 


i ~ ^ 


i C3ba'l 


iC3"'l 


Normalited  voltage  eigenvectors  defined  byl,C33'),  are  also 

eigenvectors  of  the  matrix  L K 

LK|d.>  - - , |4.  > 

^ \r  *•  * 


(.CSS) 


V. 

1 


what  can  be  verified  by  using  (C353  and  IClb) . Similarly,  is  the 


eigenvector  of  the  matrix  Kl^ 

K L - - , l4).> 

J V.  ^ J 


(.CoO) 


Voltage  and  current  eigenvectors  form  the  bi-orthonormal  set 


< <1.  )v».>  ■ 5. . 
i'  3 1] 
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From  (C37)  and  (Cll)  the  explicit  expression  for  current  eigenvector 
is  obtained 

1 .u  . 

(C41) 


1 


Following  the  notation  from[C6]  and[C7],  define  My  as  a matrix  which 
contains  the  voltage  eigenvectors  as  its  columns: 


My  = (I(!>1> 


(C42) 


Similarly  is  a matrix  containing  all  the  current  eigenvectors 

An  arbitrary  forward  traveling  wave  is,  from  (C32) 

N -jB.z 

lVf>  * I a.e  l<^  > 

^ i=l  ^ 

Take  the  scalar  product  from  the  left  with 

N 

<>i'-|Vr>  = y a-e'^^^i"  <4).U.>  = a.e 
j'  f 1 J •’ 

Thus,  the  expansion  (C44)  can  be  also  written  as 

N 

|Vf>  • I <i|»JVr>  |(<>.> 
i»l  ^ 1 

Since  the  bracket  is  a scalar,  one  can  place  it  behind 

N 

IV  ^'i'iiv 


(C43) 


CC44) 


(C4S) 


The  above  is  true  for  arbitrary  |V£>,  thus  the  following  identity  is 
obtained  ^ 

I !<>;><  iPil  “ y. 
i-1  ^ ^ 
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which  can  also  be  written  as 


Similarly,  one  obtains 


ill  ilv  ’ ^ 


ilv  - U 


(C46) 


(C4") 


hhen  the  propagation  is  assumed  to  be  in  the  for\vard  i direction,  as  in 
'A  44),  current  vector  for  an  arbitrary  forward- traveling  mLxture  of 


modes  is 


i-1  ^ 1 


By  multiplying  from  the  left  with  <4».l  one  obtains 

-ja,z 


a.e 

J 


(C48) 


Comparison  of  this  equation  and  (C45)  yields 

N 

Ivy  = I 

i«l  ^ ^ 1 

Again,  the  bracket  is  a scalar,  thus  it  may  postmultiply  : 

N 

iv£> • n4>i><(>iiif> * ^ii^> 

The  matrix  relating  (V^s  and  (I^>  is  the  characteristic  impedance  matrLx 
N 


^ lo.xd,^  . 

This  can  be  written  as 

Zo  ■ *V  tC  ■ «v 


(C49) 


(C50) 


-39 
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where  also  (.(.-•'t')  has  been  used.  Similarly  one  finds  the  characteristic 


admittance  matrix  as 


Vo  • io‘  ■ «i  !!r-  it" 


1C51) 


Multiplying  lC49l  from  the  right  by  and  using  the  biorthogonality 
property  U'lO)  one  obtains 

which  luis  the  inverse 


□iar.acter ist ic  impedance  and  admittance  matrices  can  be  also  related 
through  matrices  L and  K.  The  relationship  can  be  obtained  by  sub- 
stituting (,C35)  into  (C42)  ;ind  1C43) 

My  - L Mi  V tC54) 

w lore  the  diagonal  velocity  matrix  is  defineil  as 

V - diag  (Vj,  v,,.,..Vj^)  (.C55) 


Mien  IC3')  is  substituted  into  (C42)  andlC43)  it  follows 

Mj  ■ K My  V ICSO) 

If  these  equations  are  now  substituted  in  (CSl)  the  following  relation  is 

Yy  L - K ^ ICST) 


obta ined 


For  each  mode  i,  there  is  a fixed  ratio  of  the  voltage  and  current 
on  conductor  j.  This  ratio  is  al.so  called  a characteristic  impedance  of 
the  conductor  j for  the  mode  i,  denoted  Z^^JCIS],  These  characteristic 
impedances 
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(scalarsi  arc  not  to  he  confused  with  the  elements  of  the  characteristic 
admittance  matrix  If  the  coordinates  of  the  eigenvectors  are  denoted 
by  superscripts,  such  as 


V 

: “ 

'^1 

IN 

then,  tor  the  mode  i,  the  characteristic  impedance  of  the  jth  conductor  is 

,j  . ii  . ""jlJol’i* 

“IH  X ^<uhS-  (CSS) 
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ON  THE  ELECTROMAGNETIC  FIELD  EXCITATION  OF 
UNSHIELDED  MULTICONDUCTOR  CABLES 


ABSTRACT 

Unshielded  multiconductor  cables  are  considered  to  be  illuminated 
by  electromagnetic  plane  wave  fields.  A study  of  the  currents,  that  are 
induced  in  the  terminations,  is  made  using  quasistatic  circuit  theory, 
transmission  line  theory  and  wire  antenna  theory.  Questions  of  accuracy, 
ranges  of  validity  and  general  trends  are  addressed. 
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INTRODUCTION 


In  the  construction  of  facilities  with  many  interconnecting  electri- 
cal systems,  unshielded  multiconductor  cables  are  used  extensively. 
Generally  the  routing  and  branching  of  the  cables  are  selected  for 
convenience  with  no  definite  pattern  int^ended.  However  under  the  illumi- 
nation of  intense  electromagnetic  fields  deleterious  voltages  and/or 
currents  may  be  induced  in  the  cable  terminations. 

The  response  of  multiconductor  cables  to  an  electromagnetic  Illumi- 
nation may  be  determined  by  using  multiconductor  transmission  line 
theory. But  this  technique  requires  that  the  relative  orientation 
of  the  wires  within  the  cable  remain  fixed  over  the  cable  run  or  at 
least  maintain  some  identifiable  weave  pattern.  However,  the  typical 
cable  bundle  is  not  intended  to  be  a multiconductor  transmission  line, 
and  generally  the  relative  orientation  of  wires  varies  considerably  and 
without  pattern.  Because  of  this  difficulty,  the  cable  bundle  is  often 
treated  as  a single  wire  with  some  equivalent  radius  and  then  trans- 
mission line  theory  is  used  to  obtain  the  so-called  "core  current"  or 
common  mode  current  among  the  cable  wires. ^ 

This  paper  considers  a few  simple  cable  configurations  and  determines 
the  response  under  different  load  conditions  while  examining  the  conmon 
mode  currents  as  related  to  the  differential  mode  currents.  To  obtain 
the  results  three  separate  solution  techniques  are  employed.  Firstly, 
standard  coupled  circuit  analysis  is  used  with  Faraday's  law— the 
quasistatic  formulation.  Secondly,  transmission  line  theory  is  used 
and  thirdly,  wire  antenna  theory  is  utilized  to  determine  the  wire 
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currents.  Inasmuch  as  transmission  line  theory  neglects  reradlatlon 
from  the  wire  configuration,  a comparison  of  the  aforementioned  three 
results  gives  an  indication  of  the  accuracy  and  range  of  validity  of  the 
transmission  line  formulation. 
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ANALYSIS 


1.  Single  Wire  Cable  Over  a Ground  Plane 

The  first  configuration  to  be  considered  Is  a finite  length  wire 
parallel  to  a perfectly  conducting  ground  plane.  Extending  from  z > 0 to 
z ■ i the  wire  Is  terminated  with  respect  to  the  ground  In  the  impedances 
at  z ■ 0 and  Zj  at  z ■ 1 (see  figure  1).  The  wire  together  with 
Its  electromagnetic  image  forms  a two  wire  transmission  line  provided  chat 
the  wire  height  h satisfies,  h <<  1 and  h <<  X.  From  transmission  line 
theory  the  currents  Induced  In  the  terminations  are*** 


i K(z)[Z^  cosh  Y(z-l)  - 2Z,  sinh  Y(z-l)ldz 

- ^ f + E"^(x,l))dx 


Z cosh  y 2Z,  slnh  Y t 
+ 2 .£ ! 


[E^"‘'(x,0)  + E”^(x,0)ldx 

...  (1) 


cosh  Y 2 + 2Z^  slnh  T z Jdz 


+ ^ P tE^'“=(x.O)  + E:'^"(x,0)ldx 


,ref , 
"x 


Z cosh  Y 1 + 2Z  slnh  Y i 
‘■c  o 


'o 


lE^''‘'(x,l)  + Ej^®^x.£)]dx 

...  (2) 


where 

. , x»h 

K(z)  - tEj"‘^(x,z)  + e"^(x.z)I^__^  (3) 

D - 2Z  (Z,  + Z.)  cosh  Yf  + (Z*  + 4Z,Z,)slnh  Y£  (4) 

C » I C * 


*Some  modification  of  Smith's  formulas  are  made  to  fit  Che  situation 
being  considered  here. 


154 


348-6 


DIP  3-39 


Y*  - Jk*(z^  + jut4*)/w£*  (5) 

2 - J(z^  + ju£*)  ((*»£*)/(  jk*) 

c ' 

k ■ wi^TTT  ■ 2ir/X 
o 0 

- (VQ/Tt)£n(2h/a) 

Uq  ■ 4ti  X 10  ^ H/« 

I 

z^  is  the  distributed  series  resistance 
of  the  two  wire  line  (Q/m) 

Here  and  E are  components  of  the  incident  field  and  E^®^  and 

X 2 X 

E^*^  are  the  components  of  the  ground  reflected  field  or  the  image 
source  field. 

The  termination  current  can  also  be  obtained  by  circuit  theory  and 
Faraday's  Induction  law  (quasistatic  approximation).  For  the  foregoing 
wire  configuration,  the  impedance  of  the  circuit  (with  image)  is 

2 - la^  + 2j)  + juL  (7) 

where  the  inductance  of  a rectangular  loop  of  wire  Is^ 

^o  r 4h£  7 “I 

^ " IT  a(£  + d)  ■*"  a(2h  + d)  " 4 (^■’■2h)J  (8) 

d - /(2h)*  + £* 

The  induced  voltage  in  the  circuit  is 

e^  » -Ju(2Bj"®)(2h£) 
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Hence  the  currents  In  the  terminations  are 


I 

o 


li 

Z 


4hi 

y 

2(Z  + Z.)  + juL 

o * 


(9) 


The  foregoing  circuit  theory  is  expected  to  be  accurate  whenever 
h,  t <<  X , and  the  transmission  line  theory  result  is  expected  to  be 
accurate  when  4 >>  h and  h <<  However  neither  accounts  for  reraii- 
ation  from  the  wire  structure.  Since  reradiation  should  be  most  important 
when  the  structure  resonates  and  the  terminations  are  shorted, these  con- 
ditions will  be  considered  explicitly  to  ascertain  the  accuracy  of  the 
transmission  line  theory  result. 

For  convenience  the  illumination  on  the  configuration  is  considered 

to  be  plane  wave  with  the  plane  of  incidence  coincident  with  the  plane  of 

the  loop  and  with  the  incident  magnetic  field  perpendicular  to  the  plane 

of  incidence.  When  the  terminations  are  also  shorted,  Z » Z,  = 0, 

o 1 

then  (1)  and  (2)  yield 


I 

o 


4E  h 
o 


^^o^  -jki  sin  9 
c 


(10) 

(11) 


where  0 is  the  angle  of  incidence  and  is  the  amplitude  of  the 
incident  plane  wave.  It  is  readily  noted  that  (10)  and  (11)  do  not 
exhibit  a resonant  effect.  It  may  also  be  noted  that  if  i >>  h and 
h >>  a then  (8)  yields 


L =>  i 
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nnd  corraspondlngly  (9)  aKrei^s  exnctly  with  (10). 

- • Two  Wire  Cable  Over  a 0 round  Pl.ing 

The  second  conflRuratlon  to  be  considered  consists  of  two  pnrnllel 
wires  oriented  over  a ground  plane  so  that  the  plane  of  the  wires  Is 
normal  to  the  ground.  As  before  the  wires  i:-  considered  to  be  finite 
length  extending  from  z ■ 0 to  z ■ t with  terminations  as  shown  In 
figure  2. 

Together  with  their  electromagnetic  Images  the  two  wires  form  a 4 
wire  configuration,  and  the  current  that  is  induced  on  the  wires  by  an 
elactromagnetic  field  may  be  obtained  by  using  the  formulation  that  was 
developed  by  Psul^  for  multiconductor  lines.  Of  course  the  Inherent 
approximations  are  those  of  standard  transmission  line  theory.  It  Is 
convenient  to  use  the  wire  currents  that  are  obtained  to  define  dif- 
ferential mode  and  comnon  mode  currents, 

Ip(z)  - l,(z)  - U(z)  (12) 

and 

Ij.(r)  - Ij(z)  + I,(r)  (13) 

respectively.  The  common  mode  current  (sometimes  referred  to  as  the 
bulk  cable  current)  can  be  easily  measured  without  disturbing  the  cable 
configuration.  Moreover  a knowledge  of  the  common  mode  and  differential 
mode  current  provides  insight  into  the  nature  of  the  cable  response. 

Also  the  common  mode  current  can  be  used  to  obtain  an  approximation  for 
the  Individual  wire  currents.^ 
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Tha  wire  currents  can  also  be  determined  by  using  circuit  theory  as 
presented  In  the  previous  section.  Beginning  with  the  equivalent  cir- 
cuit shown  in  figure  3,  the  circuit  equations  for  the  wire  currents  are 


ej  - (4(Z,  + ZO  + JtoL,lI|  + [AZ.  + jiuMlU  (14) 

e,  - (AZj  + + 14Z.  + JuiL,)!.  (15) 

where 

Oj  - -j(u(2Bj"‘^)(2h,0  (16) 

e,  - -Ju)(2By‘'‘^)(2h2l)  (17) 


Here  and  can  be  obtained  using  (8)  by  letting  h - h^  and 
h ■ h , respectively.  Provided  t'  >>  h^  >>  a^  the  expression  for 
the  mutual  Inductance  becomes 


-2. 

n 


t tn 


hj  + h, 
h I — h^ 


4-  (h  j + h2 ) 


(hj  - hj) 


2(h  + hj 

«n  ^ - 2 


tn 


2(h,  - h,) 


(18) 


Solving  (14)  and  (15)  for  and  1^  yields 


AZ^e,  + Ju)(e,(L2  - M)  + e,(L,  - M) ) 
(AlZj+Zj)  + JuLjHAZj  + juiL^l  - [AZ.  + jaiM]‘ 


(19) 


ejCaZj  + Ju)(U  -t-M)!  - CjiaZj  + AZj  ju)(L,  + M)] 
(4(Zj+Z2)  JwLjUAZj  + JwL,)  - [AZj  + JuiM]^ 


(20) 


159 


Circuit  for  the  Quaslata 
le  Configuration  of  Flgur 


EMP  3-39 


348-11 


Of  course  the  circuit  theory  result  is  valid  only  for  low  frequency 
excitation,  i.e.,  when  h^,  h^,  <<  X . The  transmission  line  result 

is  expected  to  be  valid  for  hj  <<  X and  t >>  . Normally  these 

conditions  are  satisfied  for  typical  multiconductor  cables  and  fre- 
quencies of  interest. 

Another  termination  configuration  for  a two  wire  cable  is  shown  in 
figure  4.  If  A <<  H the  mutual  and  self  inductances  are  virtually 
the  same  as  the  corresponding  inductances  that  are  obtained  for  the 
cable  configuration  shown  in  figure  2.  However,  the  circuit  equations 
are  different.  They  are 

ej  - (4Zj  + + JuiMI, 

e^  • JuiMlj  + (AZj  + j(oL2)l2 

Solving  these  equations  yields 

e,(4Z,  4-  ju>L,)  - e,(Ju.M) 

I,  - ^ ^ (21) 

(4Zj  + jwLjXAZj  + JwLj)  + (wM)2 

-e.(jwM)  + 0,(42  j + joiLj) 

I . (22) 

(4Zj  + j<»>Lj)(4Z2  + jwLj)  + {u)M)2 

From  the  foregoing  equations  for  the  wire  currents  certain  general 
observations  are  possible.  It  is  noted  that  if 

|4Z,  P » (o)L,  - — uM)2 

I *2 

and 
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Chen 


» 

(u)L, 

' ' 

‘'l 

1 "2 

^2l  “ 

*^2 

1 ^ 

(23) 


This  simple  result  should  be  valid  over  a wide  range  of  parameters  and 
frequencies. 


3.  Wire  Antenna  Theory 

The  Numerical  Electromagnetic  Code,  NEC-(1,2)A^  was  used  to  obtain 
Che  response  of  Che  wire  problems  treated  in  this  paper.  The  computer 
code  is  based  on  Che  electric-field- Integral  equation  (EFIE)  for  thin 
wire  structures.  Assuming  chat:  (a)  transverse  currents  are  small 
relative  Co  axial  currents,  (b)  the  variation  of  axial  current  is  uni- 
form around  the  periphery  of  the  conductors,  (c)  Che  total  current  can 
be  approximated  by  a current  filament  on  the  wire  axis  and  (d)  Che 
electric  field  boundary  condition  is  enforced  in  Che  axial  direction 
only,  Che  EFIE  for  the  thin  wire  becomes 

-a  . ^ I I(s')  [k2a  . a*  - g(?.r’)ds’  (24) 

L 

l.nc 

where  E (r)  is  Che  incident  electric  field, 

1(8)  is  Che  Induced  axial  current  , 

g(r,r')  - exp|-Jk  I r - r' ij /|  r - r’ I , 

k ■ u/u  e 
o 0 
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n - 

o o 

s is  the  unit  vector  tangent  to  the  wire  at  r * 

s and  s'  are  the  distances  along  the  wire  at  r,  and  r , 
respectively. 

Equation  (24)  Is  solved  by  using  Che  method  of  moments.  For  Che 
geometry  shown  in  Figures  1,  2,  4,  Che  horizontal  wires  were  divided 
into  51  segments  each  and  Che  vertical  wires  into  single  segments.  In 
applying  Che  method  of  moments  convenient  basis  functions  and  weight 
functions  must  be  selected.  The  NEC-{1,2)A  code  emoloys  basis  functions 
for  the  axial  current  of  the  form 

Ij(s)  ■ Aj  + Bj  sin(k(s-Sj)]  + cos(k(s-s^)]  (25) 

where  A,  B,  and  C are  constants  Co  be  determined.  The  weight  functions 
selected  are  a set  of  delta  functions: 

M^(r)  - 6(r  - r^)  . (26) 

The  sample  point,  r^  , is  taken  at  Che  center  of  each  segment.  Ac  a 
Junction  of  two  or  more  wires  of  the  same  radius  Che  conditions  of 
current  and  charge  continuity  are  imposed.  The  NEC-(1,2)A  code  allows  the 
calculation  of  currents  or  charge  at  any  segment  of  a wire.  Impedance 
loading  at  any  segment  is  also  allowed.  The  perfectly  conducting  ground 
plane  is  Included  in  Che  model  via  Che  method  of  Images. 

The  results  of  NEC- (1,2) A are  exnected  to  be  valid  for 

A /a  > 4 
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and 

(ka)2  < < 1 , 


where  A Is  the  length  of  a segment.  The  radii  for  the  wires  making  up 
the  transmission  lines  were  all  equal. 
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NUMERICAL  RESULTS 

The  application  of  the  various  formulations  that  are  presented  in 
the  foregoing  provides  information  not  only  for  the  cable  configurations 
but  also  provides  a means  of  determining  the  accuracv  of  the  results 
obtained  from  the  formulations.  For  example,  the  single  wire  cable 
configuration  of  figure  1 provides  a test  of  the  predictions  that  are 
obtained  using  transmission  line  approximations.  Considering  the  cable 
Co  be  electrically  shorted  at  both  ends,  data  are  obtained  from  trans- 
mission line  theory  and  wire  antenna  theory  and  presented  in  figure  3. 
There  is  very  good  agreement  over  most  of  the  frequency  range  with  the 
exceptions  of  the  neighborhoods  of  the  loop  resonances  at  f ■ 7.5  MHz 
and  f > IS  MHz.  Note  chat  the  results  from  transmission  line  theory 
failed  to  exhibit  the  resonances  fo  the  structure.  This  result  is 
explained  in  Che  appendix.  Also  it  should  be  mentioned  that  the  wire 
antenna  results  that  are  shown  in  figure  5 do  not  necessarily  include 
the  peak  current  values  that  occur. 

The  aforementioned  single  wire  cable  was  also  considered  to  be  illumi- 
nated with  8*0“.  As  seen  from  (10)  the  magnitudes  of  the  transmission 
line  currents  are  Independent  of  6.  The  wire  antenna  results  differ 
from  the  transmission  line  current  only  in  the  neighborhood  of  Che 
f • 7.5  resonance.  Since  the  excitation  of  the  cable  for  0 ■ 0*  is 
symmetric  about  z ■ 1/2  and  the  resonant  current  mode  at  f * 7.5  MHz 
is  antisymmetric  about  z * 1/2,  this  resonant  current  mode  is  not 
excited. ^ 

For  pulse  excitation  the  response  can  be  obtained  by  using  fre- 
quency domain  results  (such  as  chose  considered)  and  Fourier  frequency 
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superposition.  Hence  the  differences  between  the  wire  antenna  results 
and  the  transmission  line  results  for  the  shorted  single  wire  cable 
would  affect  the  time  domain  results.  Accordingly  the  transmission  line 
results  obtained  for  this  structure  must  be  interpreted  and  used  very 
carefully. 

It  may  be  noted  that  there  is  no  wire  antenna  data  shown  in  figure  5 
for  frequencies  below  about  1.5  MHz.  Below  this  frequency  the  numerical 
solution  technique  becomes  unstable  and  erratic  results  are  obtained. 
This  generally  occurs  when  wire  antenna  currents  are  obtained  by  solving 
the  appropriate  electric  field  integral  equation  using  the  method  of 
moments. 

Results  for  the  two  wire  cable  oriented  over  a ground  plane  as  shown 
in  figure  2,  with  9 - 0®  , are  presented  in  figures  6 and  7*.  Three 
formulations  are  used  for  these  data.  For  the  current  on  the  top  wire, 
figure  6,  there  is  reasonable  agreement  among  the  results  from  the  three. 
Up  to  about  3 MHz  results  from  the  circuit  solution  and  the  transmission 
line  solution  agree  extremely  well  and  they  represent  the  most  accurate 
data.  In  the  neighborhood  of  the  resonances  the  Integral  equation 
solution  (wire  antenna  theory)  agrees  quite  well  with  the  transmission 
line  solution.  As  the  frequency  is  increased  the  accuracy  of  the  wire 
antenna  theory  deteriorates  slightly  due  to  an  insufficient  number  of 
wire  segments.  Note  that  the  results  from  transmission  line  theory  does 
exhibit  resonances  for  this  cable  configuration. 

*The  transmission  line  theory  data  were  provided  by  Dr.  C.  R.  Paul 
from  a computer  code  described  in  reference  8. 
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In  flRuro  7 the  current  Induced  In  the  lower  wire  of  the  two  wire 
cable  of  figure  2 Is  shown  for  0 ■ 0"  plane  wave  excitation.  The  a>tree- 
nwsnt  amonR  the  three  formulations  used  to  obtain  the  Induced  current  Is 
not  as  nood  as  that  exhibited  In  figure  6 for  the  top  wire.  At  low 
frequency  the  circuit  solution  agrees  quite  well  with  the  transmission 
line  solution.  Note  that  the  results  from  wire  antenna  .igrees  with  the 
transmission  line  theorv  results  onlv  In  the  Immediate  vicinity  of  the 
wire  resonances.  It  Is  not  clear  which  results  are  more  accurate. 

The  wire  currents  of  a multiconductor  cable  are  expected  to  depend 
on  the  termination  impedances.  This  Is  exhibited  In  figure  8 where  tlie 
current.s  and  obtained  from  transmission  line  theory  Is  shown  as  a 
function  of  frequency  for  a few  termination  configurations.  From  these 
data  it  is  seen  that  the  relative  magnitudes  of  the  differential  and 
common  mode  currents  vary  not  only  with  the  termination  configuration  hut 
also  may  vary  with  frequency.  And  clearly  the  differential  mode  cannot 
be  neglected,  partlculary  when  capacitive  loads  may  occur.  The  value  of 
capacitance  used  in  figure  8 was  chosen  to  resonate  witli  the  loop 
Inductance,  as  predicted  by  (8),  at  about  7 MHz. 
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CONCLUSIONS 

A few  simple  multiconductor  cable  configurations  are  considered  to 
determine  the  accuracy  of  various  formulations  and  to  examine  tlte 
relative  importance  of  the  common  mode  and  differential  mode  currents 
induced  by  plane  wave  illumination.  Three  independent  theoretical 
formulations  are  used  to  study  the  Induced  cable  currents  with  several 
general  observations  resulting. 

1.  Transmission  line  theory  does  not  predict  resonances  in  the 
current  induced  at  the  terminations  of  a transmission  line  that  is 
shorted  at  both  ends  and  illuminated  by  a plane  wave  electromagnetic 
field.  With  the  exception  of  the  shorted  transmission  line,  the  trans- 
mission line  theory  result  agreed  reasonably  well  witli  the  wire  antenna 
result. 

2.  The  application  of  wire  antene  • to  mul*lwire  cables 

encounters  difficulty  in  the  low  freque  • y regime  due  to  numerical 
instability  and  in  the  high  frequency  .egime  due  to  convergence  problems. 

3.  The  relative  importance  of  the  common  nuide  and  the  differential 
mode  depends  upon  the  terminations  and  may  be  a function  of  frequency. 

4.  In  general  the  differential  mode  currents  Induced  on  a multi- 
conductor  cable  by  electromagnetic  illumination  cannot  be  neglected  in 
comparison  with  the  common  mode  currents. 
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APPENDIX 

Contrary  to  normal  expectations  the  transmission  line  theory  pre- 
dictions for  the  single  wire  parallel  to  the  ground  did  not  exhibit 
resonances  in  the  termination  currents.  Which  brings  up  two  Important 
questions,  (1)  Why  are  resonances  not  predicted  by  the  analysis?  and 
(2)  Do  resonances  actually  occur?  This  appendix  is  written  to  respond 
to  these  questions. 

First  consider  the  situation  where  Z,  ■ 0 and  Z j*  0 (see 

I o 

figure  1).  Accordingly  (1)  yields,  for  a lossless  line. 


where 


I 

o 


j 4 h Z E sin  k 1 
" c o 

D 


Z 

D >•  j Z^  [sin  k 4.  - j 2 cos  k I ] 


(Al) 


(A2) 


The  zeros  of  I In  the  complex  s-plane  are  those  values  of  s ••  j<ii  » j k c 
o 

for  which 


Hence  the  zeros  are 


sin  k £.  ■ 0 


(A3) 


s,  - J n It  7 n - 1,  2,  3,  . . . (A4) 

Note  that  the  zeros  are  independent  of  Z^. 

The  poles  of  in  the  complex  s-plane  are  chose  values  of  s for 
which  D ■ 0 . These  are  for  Z^  ■ 6Z^  , where  6^  <<  1 , 

Sp  ■ 1-26  + Jmit)  J ra  ■ 1,  2,  3,  ...  (A5) 
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The  resonant  frequencies  are  therefore 

u)  " Is  I 
res  ‘ p' 

Hence,  If  ^ 0 , transmission  line  theory  predicts  resonances. 

However  if  5 -►  0 then  the  poles  coalesce  with  the  zeros  and  the 

resonances  thereby  are  canceled.  The  result  is  frequency  independent 

as  exhibited  in  figure  5.  It  should  be  pointed  out  that  the  zeros  of 

the  wire  currents  are  position  dependent.  That  is,  resonances  are 

predicted  by  transmission  line  theory  at  other  points  along  the  wire 

when  Z ■ Z,  ■ 0. 
o 1 

The  first  question  posed  at  the  outset  has  been  answered.  In 
answer  to  the  second  question  regarding  the  existence  of  resonances  on 
an  actual  structure,  one  must  conclude  that  actual  resonances  do  occur 
Just  as  is  predicted  by  the  wire  antenna  theory  analysis,  since  the 
poles  for  the  actual  configuration  can  never  lie  on  the  Ju  axis  of  the 
complex  s-plane  and  thereby  be  canceled  by  the  zeros. 
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A COUPLING  MODEL  FOR  A PAIR  OF 
SKEINED  TRANSMISSION  LINES 


ABSTRACT 

A coupling  model  in  the  form  of  an  equivalent  circuit  is 
developed  for  a pair  of  skewed  transmission  lines.  The  Inductive 
coupling  is  evaluated  in  closed  form  and  the  capacitances  are  obtained 
from  the  solution  of  a pair  of  coupled  integral  equations  for  the 
excess  charge  distributions  along  the  transmission  lines.  The  coupled 
integral  equations  for  the  excess  charges  are  solved  by  an  approximate 
analytical  method  and  also  by  employing  the  method  of  moments.  The  two 
solutions  are  seen  to  be  in  excellent  agreement.  The  excess  charge 
distributions  are  then  used  in  a parametric  study  of  the  capacitances 
in  the  coupling  model.  The  results  are  presented  in  graphical  form. 
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I.  Introduction  and  Problem  Definition 

This  report  addresses  a rather  specific  problem  in  the 
area  of  multiconductor  transmission  theory.  Specifically,  we 
desire  to  obtain  an  equivalent  circuit  in  the  vicinity  of  the 
junction  region  of  two  skewed  transmission  lines,  so  that  the 
coupling  of  energy  from  one  line  to  another  can  be  estimated. 

It  is  noted  that  the  term  "junction"  does  not  refer  to  lines 
in  physical  contact,  but  rather  the  position  of  smallest  separa- 
tion between  the  lines.  The  geometry  of  the  problem  is  shown 
in  Figure  1.1.  It  consists  of  a two-wire  transmission  line  of 
characteristic  impedance  Z^2  passing  over  another  two-wire  trans- 
mission line  of  characteristic  impedance  The  wires  1 and  2 

in  Figure  1.1  are  both  parallel  to  a perfectly  conducting  ground 
plane  and  are  located  at  heights  of  h^^  and  h2  respectively. 

The  wires  are  assumed  to  be  of  the  saone  radius,  although  this  is 
not  essential.  Figure  1.2  shows  an  equivalent  geometry  with  the 
image  conductors;  the  relevant  distances  between  source  and 
observation  points  are  also  indicated.  As  illustrated  in  this 
figure,  the  two  lines  are  modelled  by  closed  rectangular  loops 
by  introducing  the  vertical  segments  at  both  ends. 

The  objective  is  to  compute  the  elements  of  a coupling 
model  in  the  form  of  an  equivalent  circuit.  In  general,  for 
arbitrary  values  of  0 in  the  range  of  [0  < 0 s (ir/2)  ] , one 
would  expect  inductive  and  capacitive  coupling  between  the  trans- 
mission lines.  The  special  case  of  0 » 0 is  precluded  here 
because  of  the  distributed  nature  of  the  coupling  which  cannot 
be  treated  with  localized  lumped  elements.  Appendix  A includes 


1 


Equivalent  pair  .of  skewed  two-wire 
transmission  lines  of  length  2L. 
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this  special  case,  reported  elsewhere  [11 , for  the  sake  of 
completeness . 

For  values  of  0 in  the  range  of  [0  < 0 i (t'/2)], 
the  inductive-capactive  coupling  may  be  represented  by  a 
junction  equivalent  circuit  of  Figure  1.3.  In  this  figure, 
and  C2j  are  the  lumped  capacitances  in  lines  1 and  2 
owing  to  the  junction.  That  is,  is  computed  from  the 

excess  line  capacitance  cf  line  1,  due  to  the  presence  of 
line  2,  for  a distance  of  sufficient  magnitude  away  from  the 
junction  on  both  sides.  is  the  lumped  mutual  capacitance. 

The  inductive  coupling  is  shown  in  the  form  of  a transformer 
comprised  of  self  inductances  ^ and  L2  j » as  well  as  a 
mutual  inductance  ^mj  • display  the  symmetry,  the  induc- 

tive circuit  should  be  denoted  with  half  of  the  nominal  values 
on  either  side  of  the  junction.  However,  we  immediately  recog- 
nize that  since  the  wires  are  assumed  to  be  electrically  thin 
and  perfect  conductors,  there  is  negligible  reduction  in  the 
self-inductance  of  each  wire,  due  to  the  proximity  of  the 
other  wire.  This  implies  that  = L2j  = 0 and  results  in 

only  inductive  coupling  via  j * shows  the  coupling 

model  after  setting  the  excess  self-inductances  to  zero  and 
representing  the  mutual  inductances  by  appropriate  voltage 
sources.  Figure  1.5a  is  essentially  the  same  as  Figure  1.4, 
showing  the  equivalent  circuit  model  above  the  image  plane. 

In  Figure  1.5b,  we  show  the  symmetric  form  of  the  coupling 
model  and  the  potentials  on  all  the- four  lines  with  respect 
to  the  image  plane  which  is  chosen  as  the  reference  potential. 
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The  problem  at  hand  then,  is  to  determine  the 

elements  L , C, , C_  and  C_.  For  ease  of  data  oresenta- 
m 1 2 m 

tion,  we  define  a set  of  normalized  lumped  parameters  as 
follows. 

= L /(h  L’  ) 
m mil 

^l"^^  = C^/(h^C'j^) 

(1.1) 

The  superscript  nl  in  the  above  equation  indicates  normali- 
zation with  respect  to  the  line  constants  of  line  1 and  like- 
wise for  n2.  Some  preliminary  information  concerning  the  two 
isolated  transmission  lines  is  given  below  in  Table  1.  Note 

that  the  image  plane  is  chosen  as  the  reference  potential. 

TABLE  I.  PRELIMINARY  INFORMATION  ABOUT  THE  TWO  ISOLATED 
TRANSMISSION  LINES. 


Parameter 

Line  1 

Line  2 

radius 

a (a<<hj^) 

a (a<<h2) 

separation 

2h, 

2h2 

inductance/  unit 
length 

^*1 

y 

^*2 

in(2h^/a) 

='2ir  iin(2h2/a) 

capacitance/unit 

length 

^ 1 

» 2'ne^/X,n  (2hj^/a) 

C ' 

^ 2 

=>-2iieQ/iln(2h2/i) 

characteristic 

impedance 

» 60  in{2h^/a) 

2^^'  2. 

^ 60  an(2h2/a) 
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II.  Mutual  Inductance 

In  this  section,  we  evaluate  the  mutual  inductance 

element  L between  the  two  skewed  transmission  lines  of 
m 

Figure  1.2.  It  is  believed  that  more  insight  into  the 
problem  is  gained  by  looking  at  the  skewed  transmission 
lines  of  finite  length  2L  and  later  let  L tend  to 
infinity.  The  assumptions  made  in  the  following  analysis 
are  listed  below. 


L >>  h. 


(long  lines) 


(2.1< 


(h^  - h^)  » a 


(sufficiently  apart) 


0 < 9 < (Tr/2)  , but  9^0  (no  distributed 

interaction) 


(2.11 


(2.1< 


(3/39j^)  (charge  distribution)  = 0 (thin  wire  approximation 
(3/392)  (charge  distribution)  =0  or  rotational  symmetry) 


where  h^  and  h^  are  respectively  smaller  and  larger  of 
hj^  and  h2.  With  the  above  assxamptions,  one  can  write 
the  mutual  inductance  as  [2 ] , 

L is  ^ O ds^  ’ (b  ^ ds,  (2.2 

1 2 

where 

= free  space  permeability  = 4it  x 10  ^ (H/m)  , and 
and  represent  the  closed  (assumed)  loops  formed 

by  the  two  transmission  lines.  With  reference  to  Figure 
1.2,  we  can  formally  write 
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‘•n.  “ if  / '^'=1  • f.  '*'2  (i) 

CBCD  \ /PQRS  \ 

EFGA^  \ TUVP; 

Taking  advantage  of  symmetry,  we  have 


‘■m  “ T / '^=1  • I ^"=2  (s) 

BCDE  PQRS 

TUVP 

Since  there  is  no  inductive  interaction  between  the 
sections  of  transmission  lines  that  are  orthogonal, 
equation  (2.3)  simplifies  to 


y 

- [cos  (0)lj^(0)  + 12(e)  1 


In  view  of  the  assumptions  of  equation  (2.1),  the  R' 
the  above  equation  may  be  approximated  by 


«12“ 

(x^  + - 2xi  cos 

(0) 

+ (hj 

“ h^)^l‘‘ 

**12'^ 

(x^  " 2x5  cos 

(0) 

+ (hj 

+ h^)!** 

Rl 

((Zj  - *1)^  + 

sin^ 

(0/2)1 

>s 

“2  - 

I {*2  - *1)^  + 

cos^ 

(0/2)1 

<1 

(2.3) 


(2.4a) 

(2.4b) 

in 

(2.5a) 

(2.5b) 

(2.5c) 

(2.5d) 
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We  will  now  proceed  to  evaluate  the  two  integrals  1^(6) 
and  12(9)  separately.  Setting 

a - |(h2  - hj^)  I and  0 - (h2  + hj^)  (2.6) 

Ij^(9)  is  given  by 


where 


This  integral  may  be  performed  using  the  result  2.261  of 
reference  [3] , 
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ljj^(x,0)  » in 


+ in 


f cos  (9)>L^  •»•  L-[x  cos  (0)] 

Wx^+6^-2xL  cos  (0)+L^  + L-(x  cos  (0)) 

{Vx^+6^  - X cos  (9) 

Vx^+a^  - X ros  f9\. 


'x  +a  - X cos  (0) 


Iv;;^ 


(2.9) 


8 - X cos  (0) 


+a  - X cos  (9) 


+ Ij,(x,o) 


where  1^(0)  is  the  first  term  on  the  right  side  of 
equation  (2.9).  Therefore, 


Ij^j^(x,ir 


-9)  - tn[>4^  ^ « cos  (9|)  j 
Wx^+a^  + X cos  (0), 


(2.10) 


Substituting  the  above  two  equations  into  equation  (2.7),  we 
obtain. 


1^(0) 


dx  in 


< 2.  ,2 

2 

<0)( 

cosec 

=—Y 

cosec 

(0)' 

L 

] 


I^(x,9)  dx 


0)  dx 


(2.11) 


Using  the  result  2.733.1  of  reference  (3), 

1,(9)  - L in  cosBc^  (9)  j + [ iTH^  arctan 

(l  +a  cosec*^  (9)  j ^ 


L sin  (0)! 

6 I 


, arctan  tJiiLjU 

Sin  (0;  a 


+ ij^(0)  + in(’f-0)  (2.12) 
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where  i (9)  is  an  integral  to  be  evaluated  numerically 
n 


and  is  given  by 
L 


i„(e) 


I 


(x,6)  dx 


0 

L 


-I 


In  J 


f 2 2 

fx  +a  -2xL  cos 

(9) 

+ 

+ L- [x  cos 

(9)] 

/ 2 2 

Jx  +6  -2xL  cos 

(9) 

+ 

+ L- [X  cos 

(9)] 

It  may  be  shown  that,  when  the  lengths  of  the  transmission 
lines  are  large  compared  to  the  heights,  ijj(9)  does  not 
contribute  significantly  to  the  result  in  equation  (2.12). 

We  still  have  the  second  term  of  equation  (2.4a)  to  compute, 
which  accounts  for  the  interaction  between  the  vertical  end 
wires  and  it  is  given  by 


dx 

(2.13) 


hj  h 

ij(9)  » / J 


dz. 


-h. 


-Zj^)^  + .^(z^-z^)^  + aJ 


where 


Aj^  = 2L  sin  (0/2)  ; A2  = 2L  cos  (0/2) 


(2.14a) 


(2.14b) 


Consider  the  first  term  on  the  right  side  of  the  above. 


Integral 


/ 


dz. 


-h. 


1^-Zi)  2 + 


(2.15) 


Using  (2.261.2  of  Ref.  [3]),  we  can  evaluate  this  integral 
to  be 
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L .!:2 
m n 


L 


1 + 

6 

rs 

2 

CSC  (0) 

L 

1 + 

i 

a 

l2 

CSC  (0)^ 

cos 


(0)  + + ij^(n-0)j  cos  (6) 


* {illTer  (^)-  il^T5T  .rcta^Ji^))cos  (e, 

+ 6 |arcsinh  (8/Aj^)  - arcsinh  (8/A2)| 

- a ^arcsinh  (a/Aj^)  - arcsinh  (ci/A2)| 

- {\4^TTj  - \4^TT^J 


-*  (2.18) 
We  recall  that  in  the  above  expression,  the  various  quantities 
are 


L ■>  half  length  of  the  transmission  lines 
6 >■  skew  angle 

6 « (hj^  + hj)  ; a “ jhj  - hj^l 
Aj^  ■ 2L  sin  (0/2)  ; Aj  ■ 2L  cos  (0/2) 

Uq  ■ free  space  permeability 

and  in(0).  given  in  equation  (2.13),  is  an  integral  which 
can  be  evaluated  numerically,  however  small  its  contribution 
may  be. 
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A.  Discussion  of  Results 

Equation  (2.18)  is  the  mutual  inductance  of  two 
skewed  transmission  lines  each  of  lenqth  2L.  It  is 
interesting  to  note  that  for  finite  values  of  heights 
hj^  and  h2  and  the  skew  angle  in  the  range  of 
0 < e < (it/2),  and  letting  the  length  of  the  transmission 
lines  tend  to  infinity,  the  mutual  inductance  becomes 

Lim  L ■ w (8-a)  cot  (0) 

L ° 

-P^((h2+hj^)  - lh2-h^|)  cot  (0) 

- 2u  h^  cot  (0)  (2.19) 

o < 

with  h^  being  the  smaller  of  (h^  and  h2) • 

This  result  has  been  independently  verified  by 
starting  the  problem  with  infinitelv’  long  lines.  It  suggests 
that  if  the  transmission  lines  are  infinitely  long,  the  mutual 
inductance  is  a property  of  only  the  transmission  line  with 
smaller  spacing. 

However,  under  the  assumptions  outlined  in  equation 
(2.1),  equation  (2.18)  accurately  gives  the  value  of  the 
mutual  inductance  and  is  parametrically  displayed  in  Figures 
2.1,  2.2,  and  2.3.  The  quantity  plotted  is  the  normalized 
mutual  inductance  of  equation  (1.1)  given  by 

In 
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(dimensionless) 


All  linear  dimensions  are  normalized  with  resoect  to  h 


by  choosing  h,  » 1.  The  radius  a is  chosen  to  be  .01347 


so  that  tn(2h./a)  » 5 and  it  occurs  only  in  the  normaliza 


tion  procedure.  With  this  choice  of  normalization 


is  a function  of  three  variables,  0 , h*  and  L.  In 


is  shown  plotted  as  a 


function  of  these  three  variables  respectively.  In  computing 
' from  equation  (2.20)  , the  "exact"  expression  of 
given  by  equation  (2.18)  is  used  which  includes  the  contribu- 


tion from  the  end  wires  as  well.  The  two  integrals  appear 


ing  in  equation  (2.18)  have  smooth  integrands  and  a simple 


Simpson's  rule  of  integration  was  found  to  be  adequate 


As  a function  of  the  skew  angle  6,  the  mutual  in 


as  one 


would  expect.  In  this  figure,  one  can  see  the  insensitivity 
of  the  mutual  inductance  with  respect  to  h^  even  for  small 
6 as  the  lengths  of  the  transmission  line  increase.  For  all 
the  four  cases  of  varying  L,  it  is  seen  that  for  0*0,  the 
mutual  inductance  displays  a singularity  corresponding  to  the 
transmission  line  or  distributed  type  of  interaction. 


L/h,  s 100 


Figure  2.1  Normalized  mutual  inductance  as  a function  of  the  skew  angle 
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In  Figure  2.2,  the  normalized  mutual  inductance  is 
plotted  as  a function  of  (h2/h^) , for  a fixed  skew  angle 
0 and  with  the  length  (L/h^^)  as  a parameter.  The  four  values 
of  0 considered  are  = 15®,  20®,  30®,  45®.  For  all  these 
cases,  the  normalized  mutual  inductance  is  zero  initially 
[ (h2/hj^)  = 0]  and  reaches  a peak  when  [ (h2/hj^)  = 11  and 
monotonically  decreases  as  (h2/hj^)  is  increased  beyond  the 
value  of  unity.  Also,  as  one  would  expect,  the  peak  value 
itself  is  decreasing  as  0 is  increased  and  the  normalized 
mutual  inductance  tends  to  zero  for  the  orthogonal  case  of 
0 = 90®. 

Finally  in  Figure  2.3,  the  normalized  mutual  inductance 
is  shown  plotted  as  a function  of  the  length  of  the  wires 
(L/hj^)  with  the  relative  height  (h2/hj^)  as  a parameter. 

Note  that  the  normalized  length  (L/h^^)  is  plotted  on  a log- 
arithmic scale  and  the  same  four  values  of  0 as  before  are 
considered.  These  plots  show  that  at  the  two  extreme  values 
[ (L/hj^)  0 and  (L/hj^)  >>1]  , the  normalized  mutual  inductance 

tends  to  values  that  are  j.ndependent  of  (h2/hj^)  . The  residual 
value  when  (L/h^)  = 0 accounts  for  the  interaction  between 
the  vertical  end  members  of  the  transmission  lines.  However, 
for  large  lengths  L>>hj^,  the  mutual  inductance  is  seen  to 
obtain  a value  which  is  dependent  only  on  h^  (see  equation 
2.19).  We  reach  an  interesting  conclusion  that,  if  the 
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'transmission  lines  are  infinitely  long,  the  mutual  inductance 
is  a property  of  only  the  transmission  line  with  the  smaller 
wire  separation. 
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III.  Capacitive  Coupling 

The  physical  mechanism  that  justifies  the  use  of  a 
capacitive  coupling  model  of  Figure  1.5  may  be  described  as 
follows.  When  the  two  lines  are  present  by  themselves  and 
unperturbed  by  the  other,  the  total  charge  per  unit  length  on 
the  two  wires  are  constants  given  by  and  Q.’ 20  U^l). 

The  effect  of  the  proximity  of  one  wire  on  the  other  results 
in  a redistribution  of  charge  in  the  vicinity  of  the  junction 
so  that  the  total  charges  per  unit  lengths  Q,'^(x,0)  and 
now  become  position  dependent  according  as 

= ^'20 

where  the  excess  total  charges  per  unit  length  q' ^(x,Q)  and 
permit  us  to  derive  a capacitive  coupling  model. 
Implicit  in  such  a derivation  is  an  assumption  [4  ] that  the 
excess  charges  which  decay  with  distance  away  from  the  junction 
will  have  an  integrated  effect  and  can  be  represented  by  lumped 
parameters  at  the  junction  itself. 

We  also  note  here  that  for  the  case  of  0=0,  the 
total  charges  per  unit  length  once  again  become  independent  of 
position,  denoted  by 
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S'liK.o)  -=  o'lo . 


2'2“'0I  - O'jo  • <2'20  * ‘*'20> 


(3.2) 


where  the  excess  charges  for  the  case  of  9 = 0 also  are 
constants  according  as 


(3.3) 


q'2(i;»o)  = q’ 


The  entire  electrostatic  system  for  all  values  of  0 is  electri- 
cally neutral  because  the  image  wires  carry  exact  amounts  of 
opposite  charges,  i.e., 

[a'i,(x,9)  » -a'i(x,0)]  ; [(i'2,(C,9)  = 

(3.4) 

[q'j^,(x,6)  * -q'^(x,9)]  ; =-q'2<^-®)] 

Furthermore,  by  virtue  of  symmetry  about  the  junction,  all  the 
charges  are  even  functions  in  their  respective  variables,  as 
shown  below. 

[e’i(x,e)  « (i'^(-x,0)]  ; [a'2(5»0)  “ a’2(-^/9)] 


[<?'^(x,0)  - (i'^(-x,e)]  ; [({'^(c^e)  = q'2(-c,e)] 


(3.5) 


For  0 in  the  range  of  our  interest  (0  i 0 i (V2)), 
the  coupled  pair  of  integral  equations  for  the  potentials 
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''l  ''j  te™.  Of  the  ,i„. 

“titten  down  as,  charge  dens  ■ities  may  be 


CU 

4ne  f (x',6)  k tv  < \ i r 

oJ.  u'*-*  ) dx'  t 


^^12(X,C'0)  dc 
(3. 6a) 


1 \j.oa; 

"•00 


where  the  kernels  may  be  written  h 

» [JL_  , 1 T ^'ispection  as. 


pL  , inspection  as, 

pi  ^nj'  = f-J-.  _1_1 

r ^"12  r^2'  J 

^2lf«'X‘fe)  . I -i.  . 1 1 ^ 

P21  K22(C.c.)  = p____ll 

L22  ^^22' J 


with 

*^11  * [(x-x’)2  + a 2 1/2 

' ^11-  ’ t(x-x')2  + 4h2jl/2 

'^12  * fx  +c'  -2x5'  cos(0)  + a2]i/2  ^ 

fU'-X  cos  (0)}2  + r^2  2 5 

-12.  - u^t  --^stn^eU)V2 

^ - 2xc'  cos(0)  + 82ji/2 

Hc‘-  X cos(6))2  . r 2 2 5 

-2,  - Ix'^e  r2  ♦x^»in^e)),2/2, 

C - 2x'c  cos(0)  + a^ji/2 

" -5  cos(0)}2  + ^ 2 ,,  2 2 w, 

^21.  - rx*2  « sin  (0)}jV2 

- 2x'c  cos(e)  + 6^1  i/2 

- ltx.-cco.,a,,^e  ^2.^^2  1,2 

22  • + a^j  V2 

«=.u  that  a.,h 

"'2  - hjl  and  e . ^ 


(3 . 6b) 

(3.7a] 
(3.7b) 

(3.8a) 

(3.8b) 
(3 . 8c) 

(3.8d) 


(3 . 8e) 
(3.8f) 
(3.89) 
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Substituting  for  the  total  charges  (Z*j^(x,6)  and  (i’ 2(^*0)  in 


equation  (3.6)  from  equation  (3.1),  we  have 


[ 00 

' 10  fTire”  ) dx*!  + ^ f ^ ^ (x’  , 0)  (x , x' ) d.<' 

^ O ag  ^ O 

« * CO 

OA  00  Ml 

+0.' 2q  f4iTc^  J"  Kj^2  + 4^^^  J"  9 ' 2 ^ ^12 

* 00  ^ » CD 


(3.6a) 


/CO 

L — » .00 


00 

*«’2o{4ir^  /''22'''«''  ^ = ')  ^ 4^  fVjCi'.OjKjjCcC-jdfJ 

• 00  «/ 


(3.6b) 


The  integrals  of  the  Icernel  functions  are  somewhat  tedious  but 
can  be  performed  to  give 


'll 


(x,x')  dx 


/■' 

— or 

00 


»}  ■ 27, 


2itCo  ^ 


(3.7a) 


J 2ni 


Zire^  a ) = ^22 


(3.7b) 


-f  (X, 9) 


4 Tie, 


(3.7c) 


f 1 *r  \ tn(  ,3.7d) 

/ It,,  (j.x'.e)  dx7-  4ii£  V.  casin'!  9) + B^J 
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Recognizing  that  and  S’ 20  ^22  - ^2  for  the 

isolated  lines,  we  arrive  at  the  coupled  pair  of  integral 
equations  for  the  excess  charges  given  by. 


w 00 

J q\{x\Q)  K^^(x.x')  dx'  + Kj^2(x,i:>  ,6)  dC 

-•  -00 

r * 

J q'^ix'.Q)  K2^(C,x',e)  dx’  + J q*  .&) 


(3.8a) 


C’^V^  f(C,0) 


(3.8b) 


In  writing  above,  wo  have  introduced  the  unperturbed  line 
capacitances  of  the  two  transmission  lines  given  by 


C 


O'  - (_o • 1 O' 

"10  ' ^ 10'  " 


1 - (-V,) 


10 


2Tfe 


2iTe 


£n  (2hj^/a) 


■75 — (3.9a) 

1 


. ^•20  - <-«'20>  4'20 

= 2 "VT—  -(-V,) * 


2ire 


2Tre 


fnTJK^TaT 


7S — (3.9b) 

2 


2 ' *2'  *2 
and  the  two  forcing  functions  can  be  written  in  a shorthand 


form  as 


sin  (8)  + 8j 


(3.10) 


We  can  now  define  a gapacitive  coefficient  matrix  associated 
with  the  excess  charges  as 
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<? ' (x,9) 


so  that 


kjj^CC.e)  k22(C.0) 


kj^j^  (x,  0) 


<}'i(x.0) 


(3.11) 


(3.12a) 


kj^2  (x,  0) 


9 ' j^(x,9) 


(3.12b) 


(3.12c) 


k22(C»0) 


(3.12d) 


and  the  lumped  self  capacitances  in  the  coupling  model  are 
given  by. 


«D 

- / 


[kj^j^(x,0)  + dx 


4D 

J tlt^j^(x. 


9)  + kj^2^^»®'l  (3.13a) 


m 

j (kjjCc.O) 


+ k (;,0) 1 d; 


I (k.,.,(C,0)  + 


k,,  (i;,0)  1 dC  (3.13b) 
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m 


e» 

■ -/ 

*00 

00 

■ -/ 


dx 


k2j^(C,0)  dc 


00 

■ -^/ 

0 

CO 

- -/ 


k^^U,Q)  dC 


(3.13c) 


We  may  now  set  up  the  integral  equations  for  the  excess 
capacitive  coefficients  of  equation  (3.12)  by  successively 
considering  = 0 and  V2  = 0 in  equation  (3.8). 

1.  Setting  = 0 in  equation  (3.8)  with  V2  + 0,  but  finite, 

leads  to 


00 


QD 

/ 


9)  Kj^j^(x,x’)  dx'  + / k,,(5',e)  Kt.,(x,C',0)  dC 


22'^  ' ' *'12 


= C'2  f(x,e)  (3.14a) 


00 

I 


kj^2(x'  »0)  K2j^(C,x’  ,9)  dx'  + 


0)  ° 


(3.14b) 


2.  Setting  V2  = 0 in  equation  (3.8)  with  4 0»  but 
finite,  leads  to 


00 

/ 


00 

I 


Kj^j^(x,x')  dx*  + I k^,(C*r9)  dC*  « 0 


22^''*  r > *'2^  2 


(3el5a) 


fl»  00 

J kj^j^(x',e)  K2j^(;,x',0)  dx'  + Jk2j^(?',9)K22(C,?')  d?' 


C'j^  f(c,0)  (3.15b) 
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The  remainder  of  the  procedure  consists  of  solving  coupled 
pairs  of  equations  (3.14)  and  (3.15)  for  the  excess  capaci- 
tive coefficients  and  using  them  in  equation  (3.13)  to  get 
the  lumped  capacitances. 

In  concluding  this  formulation,  it  is  observed  that 
for  the  special  case  of  9-0,  using  equations  (3.3)  and 
(3.7)  in  (3.6),  we  obtain 


^’lO  ®11  “^'lO  ^11  '’20  ®12  ^ ‘^'20  ^12 


(3.16) 


^^2  “ ^'10  ^21  “^'iC  ®21  * ^'20  ®22  '^'20  ^22 

or,  using  equation  (3.2),  (3.16)  becomes 


'^l  ~ ®10  ®11  ^20  ^12 


with 


’ll 


(3.17) 


(3.18) 


These  results  for  0 ■ 0,  are  in  complete  agreement  with  the 
published  results  in  the  literature  (see  for  example  [1  or  5]). 
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A.  Approximate  Analytical  Solution 

We  now  develop  an  approximate  analytical  solution  for 
the  coupled  pairs  of  integral  equations  (3.14)  and  (3.15). 
Rewriting  these  equations  in  terms  of  dimensionless  excess 
capacitive  coefficients,  we  have 

OD  ^ 

J K^^(x,x')  dx’  + j f22(^',9)  ^ f(x,e) 

(3.19a) 

CO  a> 

J &i  K^^lQ,x\Q)  dx'  + J'f22(C'.9)  dc ' =0 


(3.19b) 


and 


OO 

I 


fll(x',9)  K22^(C,x',0)  dx' 


r fj^j^(x',9)  Kj^j^(x,x')  dx*  + J f2j^(C',9)  ’ = 0 

(3.20a) 

OO 

' + J dc’  = f(i;,e) 

*00  ^00 

(3.20b) 

where  the  un)cnown  and  normalized  excess  capacitive  coefficients 
are  defined  by 

f^^(x',0)  = )Cj^^(x',0)/c^  ; f^2^x',Q)  = lc,,(x',0)/cj 


‘12 


- k2^(C’,0)/ 


f22<?'»9)  = k22(C’,e)/ 


(3.21) 
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We  now  consider  solving  the  coupled  integral  equation 

(3.19)  and  a similar  method  of  solution  will  apply  to  equation 

(3.20)  also.  To  begin  with,  we  expand  the  excess  charges  per 

unit  length  and  in  Taylor  series 

about  the  points  x and  c respectively.  Then,  the  leading 
and  the  first  correction  terms  are  given  by 


(x,e) 

4i(x’,e)  = <?^(x,0)  + (x'-x)  + ... 


« 9;(j:,0)  + (c  -o 


(c,0) 


(3.22) 


+ • • • 


As  a result,  the  unlcnown  functions  in  equation  (3.19)  will  have 
expansions  given  by 


(x'--x)  (x.O)  + ... 


(3.23) 


f22(^’.e) 


f22(c.®)  + (c'-c)  (;,e)  + ... 


Considering  these  expansions  in  the  integrals  involving  the 
self  kernels  in  equation  (3.19),  for  instance. 


fl2(x'»®)  Kj^j^(x,x')  dx'  - 


3fi3  (x,9) 


(x’-x)  Kj^j^(x,x’)  dx*  + ...  (3.24) 


where,  using  equation  (3.7a),  Aj^j^  is  a constant  given  by 


All  " ®11  " ^ in(2hj^/a) 


(3.25) 
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King  (21  has  shown  that  all  of  the  terms  in  equation  (3.24) 
involving  the  derivatives  of  f,2(x,0)  contribute  insignifi- 
cantly compared  to  the  first  term  under  the  condition  that 
the  radiation  from  the  transmission  lines  are  negligible. 

As  a consequence  of  this  approximation  which  is  well  justified 
at  low  frequencies,  the  coupled  integral  equation  (3.19)  may 
be  written  approximately  as 


'll 


00 

I 


^22^’' 


,9) 


,0)  d;'  = f(x,e)  (3.26a) 


00 

/ 


f ( X * 

12'^ 


.0) 


K2i(C 


,x' ,0 ) dx' 


‘22 


= 0 


(3.26b) 


where  it  is  recalled  that 


Aj^  = 2 iln(2h^/a)  and  A22  = 2 «n(2h2/a)  (3.27) 

It  is  now  observed  that  the  above  equation  can  be  uncoupled 
by  straightforward  algebraic  manipulations  to  obtain. 


‘11 


22 


CD 

/ 


f (x ' 

12'^ 


,0)  T(x,x*,0)  dx*  = f(x,9)  (3.23) 


''22  '22''-»'  - ^ / '22<';''®>  T(C,C',9)  dC-  - ^ t(C,9) 

(3.29) 

where  the  various  Icernels  and  the  forcing  functions  are 
given  by 
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09 

T(x,x',0)  » j K2j^(  i;' ,x' , 0)  dj;* 

— oo 

CD 

T(C,?’,9)  =■  J 'C  .0)  K2j^(c,x',0)  dx' 


f(x.e)  = in 


X sin  (0)  + g 


(3.30a) 


(3.30b) 


(3.30c) 


t(c,0) 


CD 

■ I 


T(c.<;',0)  d; 


OD 

• = - J f(x-. 


e)  K_  ( i;,x'  , 0)  dx' 


(3 .30d) 


similarly. 


t(x, 0) 


00 

= I 


T(x ,x ' , 0)  dx'  = 


• = - J f(c',o)  -e)  dc 


(3.30e) 


Once  again,  using  the  same  approximation  as  before  i.e.. 


essentially  retaining  the  leading  terms  of  the  Taylor  series 
expansions  of  about  f^2(x>®)'  and  of , f22(C'.0) 

atxjut  f22(C»0)»  in  equations  (3.28)  and  (3.29),  we  have 


All 


^22  ^22^’*®^  “ ^22^^ 


,0)  ^t(x,0)/A22j  = f(x,0) 

,0)  |t(c,0)/Aj^^|  = |t(C, 


(3.31) 


0)/A, 


or,  the  approximate  analytical  solutions  of  the  coupled  pair 
of  integral  equation  (3.19)  are  given  by 


^12  ^ 


. r ^22  1 . r t(c,e) 

" ^11^22  - t(x,0)  ' ^22'^'®'-  A^iA22  - t(i;,9) 


(3.32) 
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This  procedure  of  obtaining  an  approximate  analytical 
solution  can  also  be  applied  to  the  other  coupled  integral 
equation  (3.20)  resulting  in  similar  expressions  for 
f2i(^,S)  and  . Collecting  all  the  solutions  and 

making  use  of  equation  (3.21),  we  may  write  the  excess 
capacitive  coefficients  as 


11 


12 


21 


‘22 


(x,0) 

= P • 

fj^(x,0)  = 

t(x,0) 

^1 

*11^22  ” 

(x,0) 

= ^2 

=4 

A22  f(x,0) 

A11A22  - t(x,S) 

(f.,0) 

= ci 

f2i(C,9)  = 

■ A^^  f(C,0) 

''U*22  - 

(C,0) 

— P • 

f22(^.6)  =C' 

t(C,01 

^2 

^11^22  ~ t(c,0) 

therefore 

the  normalized 

capacitances  may 

(3.33a) 


(3.33b) 


(3.33c) 


(3.33d) 


using  the  above  in  equation  (3.13)  along  with  equation  (1.1), 


^(nl) 

‘'I 


p(n2) 

^2 


[C^\  ^ ^11 

'L  L 

/ C2  \ r 4 

\^2^2  / L ^11^22 


f(x,0) 

t(x,0) 

f (C,0) 
t(c,e) 


c(nl) 


* r 


f (g,e) 

~ t-  I r 


dx 


(3.34a) 


(3.34b) 


(3.34c) 
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B.  Numerical  Solution 

The  set  of  coupled  integral  equations  (3.19)  and  (3.20) 
can  also  be  solved  by  the  method  of  moments.  We  may  use  the 
symmetry  properties  summarized  below,  to  economize  the  cal- 
culations . 


J^J^(-X,0) 

» fj^j^(x,6) 

(3.35a) 

j^2  (~x,0) 

(3.35b) 

2i(-C.0) 

- f2i(C.9) 

(3.35c) 

22(-c,e) 

“ f22(C»®) 

(3.35d) 

The  infinite  integrals  of  (3.19)  and  (3.20)  become  the  follow- 
ing semi-infinite  integrals  by  using  the  above  symmetry 
relations. 

00  00 

G^^(X,X’)  dx’  + j 

° ° (3.36a) 

00  00 

j G2i(C.x',0)  dx'  + J f22(C’»0)  G22(CrC')  dC  - 0 

° ® (3.36b) 


fj^j,(x',e)  Gj^j^(x,x')  dx'  + j f2j^(i;',9)  Gj^2<’‘»'^' ^ 

° (3.37a) 

00 

f,,(x',e)  G,,(i:,x',0)  dx'  + ff,,(c'6)  G,,(!:,c')  d;*  - f(i:,0) 


(3.37b) 


where  the  new  )cernels  are 


214 


349-38 


EMP  3-39 


(.X,X'  ) 

« Kj^j^(x,x') 

+ 

Kj^j^(x,x' ) 

(3.38a) 

IX,;*, 9) 

= 

,0) 

,9) 

(3.38b) 

(■.,x*,9) 

- K2j^(;,x' 

,9) 

+ k2j^(;,-x’ 

.9) 

(3.38c) 

(*.,;*) 

- K„(i;,c'l 

+ 

K22(C{-C’) 

(3.38d) 

In  order  to  use  the  moment  method,  we  divide  x into 

^ ^^,1,2,  •••,  N?  end  C into  ^ N» 

The  valuoi;  are  taken  to  be  equal  to  for  convenience. 

The  pointy  x.,  and  C..  are  the  truncation  points  for  the 
moment  method.  It  is  expected  that  the  charge  density  near 
the  junction  region  of  the  wires  changes  fairly  rapidly,  and 
decays  slinvly  to  zero  when  x or  C is  very  large.  Hence 
the  two  different  mesh  sizes  are  considered:  from  x^  to 

the  {'.mailer  meshes  are  used,  and  from  x^^  to  x^^,  we 
may  use  l.\i-.,7e  meshes.  The  breaking  point  x was  found  to 

Ml 

be  very  closely  related  to  the  right-hand-side  vector  f(x,03. 

For  brevity,  we  shall  consider  equation  (3.36).  Let  us 

/ 

assume 

4^2  " and  “ E22^'*i'®'  (3.39) 

Using  the  linear  basis  functions,  we  find  that  (3.36)  can 
be  evaluated  by 

^ N 

L * Y.  <j2 

i-C  i«0 
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N N 

^ ^12  21  2-j  ^22  22  ^ 


(3.40b) 


i=0 
where 


i=0 


'i;’  ■ *i0  P °uv 

■'i-1 


+ 

«iN 

X . 

/ 

x* 

jTT 

1 

; u = 1 , 2 ; V = 1 , 2 

X • 

1 

(3.41) 

'^i)c  ■»  ' 

if  i 

« Ic 

[P 

if  i 

k 

• 

Since 

' ''i' 

the 

variables  x and  C 

are  interchangable 

in  equation  (3.41).  The  integrations  of  (3.41)  can  be 
evaluated  analytically.  By  reviewing  equation  (3.38),  (3.7), 
and  (3.8),  we  find  that  all  the  integrations  in  (3.41)  are  of 
the  following  type: 


u. 

/■ 


u. 


+ r^ 

Kx'  - r^)^  + 


dx 


* r J 4- rj 


, . r3r,,  l^arcinh^:^)  - arcsinh^^jj 


(3.42) 
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A total  number  of  (2N  + 2)  linear  equations  can  be 
formulated  from  equation  (3.40)  by  taking  j » 0,1,2,  N. 

The  (2N  + 2)  unknowns,  <122  then  be  readily 

solved  by  matrix  methods.  The  values  of  f2j(x^,9)  and 
^22 can  also  be  solved  in  a similar  manner. 


The 

lumped 

capacitances  can  be 

obtained 

from  equations 

(1.1) 

, (3 

.13),  and  (3.18).  They  are 

00 

p(nl) 

^1 

- 

^/J 

fj^j^(x,9)  + 

1 dx 

■1 

^ f 

|fj^j^(x,e)  + 

dx 

(3.43a) 
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This  completes  a brief  description  of  the  numerical 
method  of  solving  the  coupled  integral  equations.  In  the 
following  subsection,  we  compare  the  approximate  analytical 
solution  with  the  numerical  solution  and  present  the 
capacitance  data  as  well. 
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C.  Discussion  of  Results 

In  this  section  we  present  the  results  of  a para- 
metric study  of  the  normalized  excess  charges  and  the 
normalized  lumped  capacitances  in  the  equivalent  circuit 
of  Figure  1.5.  It  is  recalled  that,  to  obtain  the 
normalized  excess  charges,  one  has  to  solve  a set  of 
coupled  integral  equations  (3.19)  and  (3.20).  Owing  to 
a lack  of  experimental  data  on  this  problem,  and  also  to 
ensure  confidence  in  the  solution,  the  coupled  integral 
equations  have  been  solved  by  two  different  methods.  In 
Section  III-A,  an  approximate  analytical  solution  which 
leads  to  a closed  integral  form  for  the  excess  charges 
was  presented.  On  the  other  hand.  Section  III-B  described 
a numerical  method  of  solving  the  same  set  of  coupled 
integral  equations. 

In  Figures  3.1  to  3.4,  we  compare  the  normalized 
excess  charge  distributions  along  the  transmission  lines, 
obtained  by  the  two  methods.  This  comparison  is  done 
graphically  for  the  four  representative  cases; 


a) 

(hj/h^) 

- 1.5, 

0 - 15» 

b) 

(h2/h^)  - 1.5, 

0 « 90 

c) 

(h2/h^) 

■ 5, 

0 - 15» 

d) 

(h2/h^)  • 5, 

0 » 90 

The  normalized  excess  charges  are  plotted  as  a function 


of  normalized  coordinates  (x/hj^)  and  (c/hj^)  , starting 
from  the  junction  region  and  moving  along  the  transmission 
lines.  It  is  seen  from  the  Figures  3.1  to  3.4,  that  for 
all  the  four  cases,  the  agreement  biatween  the  approximate 
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10  15  20  25 


(x/hj) 


(x/'a^)  C/hj) 

Figure  3.2.  Normalized  excess  charge  distributions  along  the 
two  transmission  lines;  ih2/hj^)  * 1.5, 

(a/hj)  ■0.01,  9 ■ 90*;  approximate 

analytical  solution,  numerical  solution 
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analytical  and  the  numerical  solution  is  excellent.  Further- 
more, as  may  be  expected,  the  normalized  excess  charges  have 
a peak  at  the  junction  and  decay  as  one  moves  away  from 
the  junction. 

The  normalized  e.xcess  charges  computed  from  the  approxi- 
mate analytical  solution  can  then  be  used  in  computing  the 
normalized  lumped  capacitive  elements  via  equation  (3.34)  or 
(3.43).  The  capacitance  plots  are  parametrically  displayed 
in  Figures  3.5  and  3.6. 

In  Figure  3.5,  the  normalized  lumped  capacitances  are 
plotted  as  a function  of  the  skew  angle  which  ranges  from 
small  angles  to  90*.  The  case  of  0 = 0®  is  excluded  here, 
because  of  the  distributed  interaction  and  has  been  considered 
elsewhere  in  this  report.  As  expected.  Figure  3.5  shows  that 
as  the  height  of  the  top  line  is  increased,  the  self  capaci- 
tance terms  decrease. 

Figure  3.6,  graphically  shows  the  normalized  lumped 
capacitances  as  a function  of  the  relative  height  (h2/hj^) 
with  the  skew  angle  6 as  a parameter.  Once  again,  we 
see  the  expected  behavior  as  the  skew  angle  or  the  relative 
height  is  varied. 
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IV.  Conclusions 

In  this  report,  the  problem  of  obtaining  the  lumped 
equivalent  circuit  to  represent  the  junction  region  of  a 
pair  of  skewed  transmission  lines  is  presented.  The 
coupling  model  involves  evaluating  the  inductive  and  capaci- 
tive elements.  The  mutual  inductance  is  evaluated  in  a 
closed  form  and  has  been  parametrically  displayed.  To 
obtain  the  capacitive  elements,  a set  of  coupled  integral 
equations  have  been  formulated  for  the  excess  charge  dis- 
tributions. The  integral  equations  have  been  solved  by  an 
approximate  analytical  method  and  also  a numerical  method 
employing  the  method  of  moments.  The  approximate  analytical 
solution  uses  a Taylor  series  expansion  of  the  unknown 
functions  about  a variable,  and  enables  one  to  express  the 
excess  charges  in  closed  iorm  using  a single  integration. 

The  two  independent  calculations  of  the  normalized  excess 
charge  distributions  are  compared  graphically  for  representa- 
tive cases  and  seen  to  be  in  excellent  agreement.  Once  the 
excess  charge  distributions  are  determined,  it  is  a simple 
matter  to  evaluate  the  normalized  lumped  capacitances.  The 
results  of  a parametric  study  of  the  capacitance  computations 
arc  also  presented. 
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APPENDIX  A 

Transmission  Line  Coupling  for  the  Special  Case  of  6=0 

In  this  appendix,  we  consider  the  special  case  of  dis- 
tributed interaction  between  the  two  transmission  lines  (see 
Figure  1.1)  when  the  skew  angle  9 is  zero.  In  other  words, 
the  two  wires  are  parallel  to  each  other  and  are  located  at 
heights  and  h2  above  a perfectly  conducting  ground  plane. 

In  this  case,  one  cannot  derive  a junction  equivalent  circuit 
because  of  the  distributed  interaction  between  the  wires. 

Using  the  same  notation  as  in  Section  III,  the  total  charges 
per  unit  length  Q'j^q  ar'd  Q'20  related  to  the 

potentials  and  on  the  two  wires  with  respect  to  the 

ground  plane,  via  the  capacitance  per  unit  length  matrix  rc’l 
given  by 


It  was  seen  in  Section  III  that  the  elements  of  the  coefficients 


of  elastance  matrix  [S'] are  given  by 


(A. 2) 

(A. 3) 

(A. 4) 
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These  results  are  in  complete  agreement  with  the  results 
reported  in  the  literature  [11.  The  elements  of  the  (Cl 
matrix  are  then  given  by 

^'ll  “ ' ^^'22  ’ (A. 5) 

*“  12  * ^ 21  * (A. 6) 

where 


A = determinant  of  the  S matrix 


Furthermore,  the  inductance  per  unit  length  matrix 
is  simply  related  to  the  [S’l  matrix  as 

[^'  n,m]  * ^oS[^'n,n] 

so  that. 


(A. 7) 


(A. 8) 


(A. 9) 
(A. 10) 


We  have  included  this  special  case  of  9 « 0 in  this 
appendix  mainly  in  the  interest  of  completeness.  These  results 
are  available  in  the  literature  and  serve  to  check  the  con- 
sistency of  our  formulation  in  a limiting  situation. 
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ON  THE  ANALYSIS  OF  GENERAL  MULTICONDUCTOR 
TRANSMISSION-LINE  NETWORKS 


ABSTRACT 

Starting  from  the  graph  describing  the  topology  of  a transmission- 
line network  in  terms  of  junctions  and  tubes,  this  note  addresses  the 
formation  of  the  overall  network  equation  referred  to  as  the  BLT  equa- 
tion. The  matrix  equation  of  propagation  on  a tube  consisting  of  a 
multiconductor  transmission  line  with  sources  is  formulated  in  terms 
of  the  combined  voltage  vector  (a  special  combination  of  the  v’oltage 
and  current  vectors)  which  reduces  the  differential  equation  to  first 
order;  this  readily  incorporates  the  combined  voltage  sources  and 
boundary  conditions  into  the  solution  of  the  tube  propagation.  Util- 
izing Interconnection  matrices  (defined  by  the  topology)  which  related 
waves  on  the  tubes  to  Junctions  (tube  ends)  which  the  waves  leave  and 
enter,  the  scattering  supermatrices  for  the  junctions  are  converted 
into  a scattering  supermatrix  for  the  waves  on  the  transmission-line 
network.  Appropriate  supermatrices  describing  the  delay  on  the  tubes, 
the  source  terms  on  the  tubes,  and  the  Identity  are  also  defined. 
Together  with  combined  voltage  supervectors  for  waves  and  sources, 
the  BLT  equation  is  constructed  in  one  of  its  possible  forms.  Various 
properties  of  the  BLT  equation  and  the  associated  supermatrices,  or 
dlmatrices  (matrices  of  matrices)  in  this  case,  as  well  as  the  corres- 
ponding supervectors  are  developed. 
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FOREWORD 

This  note  has  been  planned  for  quite  some  time  now.  Some  of  the 
results  were  included  in  two  papers  [1.6,7]  presented  at  the  USNC/URSl 
Meeting  in  Amherst,  Mass.,  October  1976.  The  basic  concepts  include 
the  topology  of  the  transmission-line  network,  the  propagation  on 
multiwire  transmission  lines,  and  supermatrix/supervector  forms  for 
representing  the  variables  so  as  to  produce  the  BLT  equation.  This 
note  is  then  the  first  in  perhaps  a series  concerning  a general  kind 
of  approach  to  transmission-line  network  theory.  It  allows  the  con- 
sideration of  the  analytical  properties  of  the  network,  besides  the 
properties  of  the  network  components. 


"About  half  way  up  is  a cave, 

A gloomy  cavern  facing  the  West  and  Erebus, 

And  beneath  this  cave,  my  gallant  Odysseus,  you 
Must  steer  your  ship.  It  will  be  so  high  above  you 
That  not  even  the  strongest  man  could  reach  it  with  an  arrow 
Shot  from  the  deck  of  his  hollow  ship  below. 

In  it  lives  Scylla,  yelping  terribly,  with  a voice 
That  sounds  no  stronger  than  that  of  a puppy  just  born. 

But  she  herself  is  an  evil  monster  that  no  one 

Would  be  glad  to  see,  not  though  a god  should  meet  her. 

She  has  twelve  feet  in  all,  horribly  dangling. 

And  six  necks,  tremendously  long,  on  each  of  which 
Is  a terrible  head  with  teeth  in  triple  tiers. 

Close  set  and  chocked  with  black  death.  From  her  waist  down 

The  deep  cave  hides  her,  but  her  heads  sway  out  from  the  awful 

Abyss,  and  with  them,  around  the  ruck,  she  avidly 

Fishes  for  dolphin  and  dog-fish  and  what  greater  beast 

She  may  catch  of  the  countless  creatures  that  Amphitrite, 

Deeply  moaning,  feeds.  Never  yet  have  sailors 

Been  able  to  boast  that  they  got  by  her  unscathed 

In  their  ship,  for  with  each  of  her  heads  she  snaps  up  a man 

From  the  dark-prowed  ship." 


From  The  Odyssey.  Book  XII,  by  Homer,  translated  by  Ennis  Rees, 
Modem  Library,  Random  House,  1960,  p.  198. 
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I.  INTRODUCTION 

Transmission-line  theory  has  been  with  us  for  quite  some  time 
[1.1].  Its  impact  on  communication  technology  should  be  obvious. 

However,  its  expression  in  one-dimensional  scalar  form  for  a single 
voltage-current  pair  has  rather  limited  application  to  modern  complex 
electronic  systems.  In  the  analysis  of  EMP  interaction  with  electronic 
systems,  transmission-line  theory  is  commonplace  [1.2];  however,  its 
practical  use  is  still  in  a rudimentary  form,  usually  being  applied 
in  a one-dimensional  scalar  form  as  in  the  case  of  a coaxial  cable  or 
some  simple  approximation  of  a more  complex  system  in  one-dimensional 
scalar  form  [1.3] . 

Recent  investigations  have  considered  multiconductor  transmission 
lines  as  an  extension  of  transmission-line  theory  applicable  to  complex 
systems  problems  such  as  involved  in  EMP  and  EMC  [l.A,5].  However, 
one  should  recognize  that  such  models  are  still  quite  simplistic  in 
the  context  of  the  total  system  response  in  typical  cases.  This  note 
addresses  the  problem  of  networks  of  such  multiconductor  transmission 
lines. 

Basic  to  the  analysis  of  transmission-line  networks  is  the  net- 
work topology  based  on  junctions  and  tubes,  each  tube  being  a represen- 
tation of  a multiconductor  transmission  line,  and  tube  terminations 
(including  connections  to  other  tubes)  occurring  at  junctions.  So  first 
we  consider  the  network  topology  and  the  associated  interconnection 
matrices  which  will  be  used  to  construct  the  network  equation.  This 
transmission-line  network  topology  is  compared  to  other  kinds,  such  as 
those  used  for  lumped-element  networks  and  electromagnetic  scatterers. 

Next  the  equations  describing  a single  tube  or  multiconductor 
transmission  line  are  considered.  The  problem  is  reduced  to  a first-order 
matrix  differential  equation  through  the  introduction  of  a combined 
voltage  vector  which  is  a special  linear  combination  of  the  voltage 
and  current  vectors.  This  equation  is  readily  solved  for  given  boundary 
conditions  at  the  tube  ends  and  source  vectors  along  the  tube.  The 
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propagation  matrix  is  assumed  diagonalizable  and  the  resulting  eigen- 
modes  and  eigenvalues  are  used  to  give  representations  of  the  various 
parameters  describing  the  tube  and  its  response. 

The  remainder  of  the  note  then  integrates  the  result  of  a single 
tube  with  the  scattering  matrices  of  the  junctions  using  the  inter- 
connectivity  of  the  transmission-line  network  topology  and  its  associated 
wave  indexing.  This  forms  the  overall  equation  of  the  multiconduccor 
transmission-line  network,  referred  to  as  the  BLT  equation  [l.b,7l. 

For  this  purpose  it  is  useful  to  introduce  the  concept  of  supermatrices, 
or  matrices  of  matrices,  and  corresponding  supervectors.  This  separates 
the  indices  in  a manner  which  associates  different  indices  with  different 
physical  aspects  of  the  multiconductor  transmission-line  network  and  its 
associated  topology.  In  addition,  the  supermatrices  correspond  to  a 
symmetric  partioning  of  matrices  in  a manner  which  makes  them  block  sparse. 

The  supermatrices  used  in  this  note  can  also  be  referred  to  as 
dimatrices  corresponding  to  a single  level  of  partition  resulting  in 
two  pairs  of  Indices  or  subscripts  to  describe  the  dimatrix  elements. 

This  concept  has  already  been  generalized  to  higher  order  partitions 
and  hence  higher  order  supermatrices  in  applications  concerning  the 
topology  of  complex  electromagnetic  scatterers  [l.8l . So  when  the 
reader  has  waded  through  the  present  tome  he  can  cheerfully  contemplate 
that  more  is  to  come  (or  he  may  need  cheering  up  for  the  same  reason). 
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II . TOPOLOGY 

Network  topology  Is  a generic  name  given  to  the  topological 
properties  of  a network.  It  is  studied  widely  in  lumped  circuit 
theory  to  gain  reliable  knowledge  concerning  the  number  of  independent 
equations  in  a circuit  of  arbitrary  structural  complexity  (2.1). 

For  electromagnetic  problems,  a more  general  type  of  topology  is 
required  to  describe  the  three-dimensional  volumes  and  surfaces  that 
are  generally  associated  with  the  scatterers.  Indeed,  the  scatterer 
topology  has  been  introduced  by  Baum  [2.2,  2.3] , Tescho  [2.4]  and 
has  found  useful  applications  in  considering  practical  shielding 
and  grounding  problems  [2.5,  2.6]. 

For  transmission-line  networks,  the  topological  description 
falls  between  that  of  lumped  circuits  and  that  of  scatterers.  Similar 
to  a lumped  circuit,  there  are  well-defined  material  paths  along  which 
energy  propagates,  and  there  are  positions  in  the  transmission-line 
network  where  energy  is  distributed  according  to  Kirchhoff's  1;tws. 
Unlike  a lumped  circuit,  energy  may  be  coupled  between  the  material 
paths,  and  the  path  characteristics  (length,  geometry,  etc.)  alter  the 
ways  energy  propagates.  Energy  sources  may  also  be  induced  along  the 
lengths  of  the  paths.  These  latter  properties  which  are  attributed 
to  the  distributed  nature  of  transmission  lines  are  more  similar  to 
those  of  scatterers.  In  fact,  it  is  more  appropriate  to  describe  the 
transmission-line  behavior  as  wave  phenomena. 

The  specialized  topological  description  of  a transmission-line 
network  has  been  called  the  transmission-line  topology  [2.3].  In  the 
following,  we  first  review  the  concept  of  circuit  graphs  and  circuit 
topology.  The  transmission- line  topology  is  then  described.  .4  brief 
outline  of  other  related  topologies  is  also  Included. 
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A.  Graphs 

The  basic  elements  of  a graph  are  edges  and  vertices.  They  are 
termed  differently  In  specific  types  of  topology,  and  are  summarized 
in  Table  2. 1 under  Section  2F. 

A graph  is  thus  made  up  of  a set  of  vertices  which  are  inter- 
connected by  edges.  It  is  structured  to  represent,  in  a simplified 
form,  the  electrical  connections  and/or  signal  flow  paths  of  the 
network  or  system. 

Often,  for  a complicated  network,  one  cannot  represent  the 
network  comprehensively  by  a single  graph.  Parts  of  the  network  are 
then  represented  by  subgraphs.  A subgraph  fulfills  all  requirements 
of  being  a graph,  but  is  limited  to  represent  only  part  of  the  network. 
An  example  is  that  of  a multlconductor  transmission-line  network 
where  a network  graph  is  used  to  show  the  transmission- line  connections 
using  tube  and  junction  representations,  but  the  detailed  electrical 
connections  within  junctions  are  represented  by  separate  subgraphs  [2.6J. 

On  the  other  hand,  a network  graph  may  be  a subset  to  a graph 
which  represents  a larger  system.  The  latter  is  called  a supergraph. 

In  the  previous  example,  the  transmission-line  network  graph  is  a 
supergraph  of  that  of  the  junctions  and  tubes. 

The  concepts  of  supergraph,  graph  and  subgraph  define  a 
hierarchical  order  of  representing  a system.  However,  the  naming 
of  super-  and  sub-  are  only  relative  when  compared  to  a smaller  or 
larger  part  of  the  network. 
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B,  Electrical  Circuits 

n-ie  most  common  network  topolofjlcal  concepts  have  been  applied 
to  lumped  circuits.  The  construction  of  the  network  graph  and  its 
associated  development  of  cut  sets  and  tie  sets  are  assumed  to  be 
familiar  to  the  reader.  In  transmission-line  networks,  often  the 
junctions  contain  lumped  elements,  or  the  transmission-line  discon- 
tinuities may  be  accurately  modeled  by  lumped  circuits  at  low  fre- 
quencies [2.7  - 2.10).  Hence,  in  tranmlsslon-llne  network  analysis, 
it  is  often  necessary  to  include  lumped  circuit  analysis.  We  summarise 
the  essential  points  in  the  following. 

The  basic  elements  of  a lumped  circuit  network  graph  are  branches 

and  nodes.  A branch  is  a component  part  of  a circtiit  characterized  by 

two  terminals  to  whicli  connections  can  be  made.  A node  is  formed  where 

two  or  more  branches  are  connected.  33\e  graphic  symbols  for  branches 

and  nodes  are  respectively  lines  and  dots.  The  nodes  in  a circuit  are 

numbered  and  the  nth  node  is  denoted  by  N . The  total  number  of  nodes 

^ n 

is  N , The  branch  connecting  nodes  N and  N is  labeled  B 

N n m n ,m 

Hence,  B and  B denote  the  same  branch.  Tlie  total  number  of 
n ,m  m ,n 

branches  is  Ng  . If  between  a node  pair  there  is  more  than  one  branch, 
then  by  parallel  combinations  one  can  reduce  this  to  a single  branch. 

As  an  example,  a circuit  graph  Is  shown  in  Fig.  2.1a,  representing 
a four  node,  five  branch  circuit.  Tlie  branches  are  numbered  by  double 
subscripts  using  the  rule  outlined  .above. 

It  is  useful  to  introduce  three  to\>ology  matrices  which  define 
the  topological  structure  of  a graph.  They  describe  node-node  (or  node 
interconnection),  node-branch  and  branch-branch  (or  branch  interconnection) 
connections.  These  matrices  contain  somewhat  redundant  information 
and  usually  only  one  of  them  is  sufficient  to  specify  the  associated 
graph.  However,  the  last  type  (branch-branch)  does  not  give  unique 
node  numbering. 
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For  a circuit  with  nodes,  the  node-node  Interconnection 

matrix  ^*^n,ni^N-N  The  elements  are  defined  by 


n m 

™.M  M “ ^ nodes  N and  N are  connected 

n,m;N-N  n m 

■ 0 if  no  connection 

n - m 

^n  n;N-N  " ^ denote  self  connection 

Note  that  the  node-node  interconnection  matrix  is  s\nnmetric,  i.e., 

c « c 

n,m;N-N  m,n;N-N 

For  example  in  Fig.  2.1,  the  node-node  matrix  is 

/l  1 1 o\ 

(c  ) - h ^ ^ M 

n,m'N-N  I 1 1 1 1 I 

\0  1 1 l/ 


Similarly,  the  node-branch  matrix  (C  _ is  N.,xN„  , 

n,m  N-B  N^  B ’ 

where  Ng  is  the  total  number  of  branches  in  the  circuit.  The  elements 

C „ _ are  defined  by 
n,m;N-B  ^ 


(2.2) 


(2.3) 


Q 

n , m ; N-  B 

- 1 

if 

node 

N is  connected  to 

n 

branch  B 

m 

c 

n,m;N-B 

- 0 

if 

N 

n 

is  not  connected  to 

B 

m 

This  matrix  is  in  general  rectangular  Instead  of  square.  A single- 
subscripted  denotation  of  the  branches  is  necessary  for  matrix  mani- 
pulations. The  numbering  of  the  branches  starts  at  node  for 

the  branch  going  to  the  node  with  the  lowest  node  number.  The  rest  of 
the  branches  connected  to  node  are  numbered  consecutively  with 

the  increase  of  node  numbers  they  are  connected  to  at  the  other  ends. 
The  sequential  numbering  continues  for  branches  connected  to  node  N.,  , 
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again  according  to  the  increase  of  node  numbers  they  are  connected  to 
at  the  other  ends.  Here,  branches  already  assigned  a branch  number 
are  not  renumbered.  This  process  repeats  for  all  nodes. 


The  single-subscripted  branch  numbering  for  the  graph  in 
Fig.  2.1a  is  depicted  in  Fig.  2.1  b.  The  node-branch  matrix  is  given 
by 


1 1 0 0 o\ 
10  110] 
0 1 1 0 1 i 
00011/ 


(2.5) 


The  branch-branch  interconnection  matrix 
matrix  describing  b ranch- to-b ranch  connections. 


(C  „ is  an  N„xN 

n,m  B-B  B B 

The  elements  are  defined  by 


n 1*  m 

C n n “ number  of  connections  between  the  ends  of 

n,m;B-B  tranches  B and  B 

n m 

- 0 

implies  no  connections 

- 1 

Implies  one  end  of  each  branch  is  connected 

n ■ m 

c „ „ - 0 

n,m;B-B 

excluding  branches  with  both  ends 
connected  to  the  same  node 

Note  that  this  matrix  is  symmetric,  i.e. 


C - C (2.7) 

n,m:B-B  m,n;B-B 

The  branch-branch  matrix  corresponding  to  the  graph  in  Fig.  2.1b  is 


1 1 1 0 \ 
0 1 0 1 ] 
10  11 
0 10  1/ 
1110/ 


(2.8) 


Note  that  the  node-node  matrix  specifies  the  connections  for  a 
given  set  of  nodes.  The  node-branch  matrix  specifies  the  connection  for  a 
given  set  of  nodes  and  branches.  Either  of  these  two  matrices  can  regenerate 


243 


350- lA 


EMP  3-39 


the  graph  with  the  same  node  and  branch  numbering.  This  may  be  much 

more  difficult  for  the  branch-branch  matrix.  However,  all  the  matrices 

are  derived  from  the  given  network  (graph)  consisting  of  nodes  and  branches. 


The  Kirchhoff’s laws  can  be  written  down  comprehensively.  One 

defines  voltages  V (s)  at  each  node  N and  currents  f (s) 
n n n,ra 

leaving  N to  N along  the  branch  B with  the  condition 
n m n,m 


I 

n,m 


0 , 


I “ 0 
n,n 


(2.9) 


The  voltages  and  currents  are  related  by 


9 - O'  - 2 i - 

n m n,m  n,m  n,ir 


(2.10) 


where  v is  a voltage  source  along  branch  B (and  increases 
n,m  n,m 

from  n to  m)  and  Z is  some  impedance  (assumed  linear)  on  the 

n,m 

same  branch.  In  a degenerate  case  the  branch  current  might  be  specified 


current 

source . 

For  a 

closed 

loop,  - 

Vn  = 0 . 

i 

2 

I + 

Z 

I 

+ ...  + z 

n,mj^ 

n,mj 

mj^  .m^ 

“i 

,n  mj^.n 

• (V^®^ 

+ 

+ . . • 

+ O*^®^  ) - 

0 

(2.11) 


Appropriate  applications  of  (2.9)  and  (2.11)  to  a given  circuit 
yield  the  network  equations.  There  are  many  forms  of  network  equations 
which  are  derived  according  to  the  cut  sets  or  tie  sets  chosen  [2.1].  It 
is  not  Intended  to  go  into  this  subject  here,  but  instead  one  form  of 
the  network  equations  for  the  example  illustrated  in  Fig.  2.1  is  given. 
Currents  are  labeled  by  single  subscripts  in  the  same  way  as  the  single- 
subscripted  branch  numbers.  Application  of  (2.9)  to  N^,  and 

yields 
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For  dimensional  consistency,  using  an  arbitrary  impedance  combi- 

nation of  (2.12)  and  (2.13)  gives  one  form  of  the  network  equations,  viz., 


The  currents  are  readily  obtained  by  Inverting  the  5x5  matrix. 


It  is  the  purpose  of  this  note  to  present  similar  network 
equations  for  transmission-line  networks.  These  equations  are  com- 
plicated by  the  wave  nature  of  the  voltages  and  currents,  and  their 
dependence  on  positions  and  modal  properties. 
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C.  Transmlsston-Llne  Networks 

Concepcs  similar  to  those  of  circuit  topology  are  developed  for 
transmission-line  networks  to  help  summarize  the  network  configurations, 
to  define  topology  matrices  and  to  set  up  network  equations. 

The  basic  elements  of  the  transmission-line  network  graphs  are 
tubes  and  junctions.  A tube  is  a collection  of  wires  characterized 
by  two  ends  to  which  electrical  connections  can  be  made.  A junction 
is  where  wires  terminate.  Usually  a bundle  of  wires  is  considered  as 
a tube  which  may  be  terminated  by  a circuit.  Branching  of  a bundle 
of  wires  can  be  considered  as  a tube  divided  into  a few  tubes  with  the 
position  of  branching  as  a junction  within  which  only  direct  electrical 
connections  occur. 

The  graphic  symbols  for  tubes  and  junctions  are  respectively 
"parallel"  lines  and  circles.  The  vth  junction  is  denoted  as 
for  V • l,...,Nj  where  is  the  number  of  junctions  in  the  network. 

For  transmission-line  networks,  it  is  possible  to  have  more  than  one 
tube  between  two  junctions.  The  pth  tube  between  junctions  and 

J , is  labeled  • If  there  is  only  one  tube  between  J and 

, the  simplified  notation  v' v often  used. 

Each  tube  can  be  characterized  by  two  sets  of  waves:  the  forward 

traveling  wave  and  the  backward  traveling  wave.  The  waves  on  the  pth 

tube  between  junctions  J and  J , are  labeled  and  , 

where  W,  ' travels  from  J to  J , and  W,  ^ travels  from 

(d  ^ (d  — ^ ^ 

J^,  to  . Thus,  . There  are  thus  two  waves 

traveling  in  opposite  directions  on  a given  tube. 

As  an  example,  a transmission-line  graph  is  shown  in  fig.  2.2a. 

There  are  four  junctions  and  six  tubes.  The  tubes  and  waves  are  numbered 
with  double  subscripts  according  to  the  rules  outlined  above.  The 
parallel  tubes  and  the  self  tube*  are  unique  for  transmission-line  networks 
as  there  are  no  corresponding  elements  for  the  circuits.  Topology  matrices 
similar  to  those  used  for  lumped  circuits  can  be  defined  here  involving 


*A  self  tube  is  one  that  has  both  ends  terminating  in  the  same  junction. 
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Junctions,  cubes  and  waves.  Specifically,  there  are  six  useful  interconnection 
matrices:  Junctlon-J unction  (or  junction  Interconnection),  Junction- 
tube,  tube-tube  (or  Cube  Interconnection),  Junction-wave,  wave-wave 
(or  wave  interconnection),  and  tube-end-wave. 

For  a transmission-line  network  with  Nj  Junctions,  the  Junction- 
Junction  interconnection  matrix  (t  ,)  . is  an  N.xN  matrix.  The 

V j V J*  J J J 

elements  are  defined  as: 


V v' 

ty  t"™t)er  of  Cubes  connecting  junctions  and 

c . . - 0 implies  no  connection  between  the  two  Junctions 

V « \)' 

t^  v*J-J  " ^ denotes  self  connection  (since  a Junction 

is  always  connected  to  itself) 

ty  y.j_j  > 1 denotes  existence  of  self  tubes 

* 1 2 X (number  of  self  Cubes) 

(2.15) 


For  the  example  in  Fig.  2.2a,  the  Junction-Junction  matrix  Is 


(t 


v,v'^J-J 


1 1 
1 2 
2 3 
0 0 


(2.16) 


Similarly,  the  Junction-tube  Interconnection  matrix  (t  ) t-t 
has  elements  defined  by 
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^v,n;J-T  " ^ 


if  junction  J Is  connected  to  tube  I 
V n 

If  Junction  J is  connected  to  self  tube  T 
V n 

if  junction  is  not  connected  to  tube 


(2.17) 


The  single-subscripted  denotation  of  the  tubes  is  useful  for 

matrix  manipulations.  The  numbering  system  is  similar  to  that  for 
branches  in  the  circuit  topology.  Consecutive  numbering  starts  at  the 
first  tube  linking  junction  to  the  junction  that  has  the  lowest 

node  number.  (If  there  is  a self  tube  at  this  would  be  first.) 

The  tube  number  increases  for  other  parallel  tubes  going  from  to 

the  same  junction  until  all  these  tubes  are  labeled.  This  process 
continues  for  tubes  going  to  the  junction  with  the  next  higher  number 
until  all  Junctions  connected  to  are  exhausted.  The  procedure 

continues  at  J2  except  for  tubes  which  are  already  labeled:  they  are 
not  repeated  (i.e.,  tubes  T^*^^  are  already  labeled  and  are  left  out 
here).  The  process  continues  until  all  tubes  are  numbered. 

One  may  note  here  that  the  tube  labeling  is  not  oriented,  i.e., 

t(p)  . • 

v,v’  v’,v 

For  the  example  in  Fig.  2.2b,  the  junction-tube  matrix  is: 


1 0 0 o\ 

0 110) 

0112/  (2.18) 
1000/ 


A 1 

(t  ) - h ° 

'•^vvn  'j-T  \ 0 1 

\0  0 


The  tube- tube  Interconnection  matrix 
the  following  table: 


(t  ) is  defined  in 
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n m 

t - ~ “ number  of  connections  between  the  ends  of 

cub.  T and  cub.  T 

n Q 

- 0 

Implies  no  connections 

- 1 

implies  one  end  of  each  tube  Is  connected 

- 2 

implies  either  (1) two  parallel  tubes  or 

(11)  one  Is  a self  tube 

» 4 

Implies  both  are  self  tubes 

n • m 

•^n.n-.T-T  " ° 

for  a simple  tube  (normal  situation) 

- 2 

for  a self  Cube 

(2.19) 


The 


(c  )-  - matrix  for  Che  case  of  Fig.  2.2b  Is 
n,m  T— r 


(t  ) 
n,m  X“T 


(0  1 1 1 1 0 \ 

1 0 1 1 1 2 \ 
1 1 0 0 0 0 

1 1 0 0 2 2 / 

1 1 0 2 0 2 / 

0 2 0 2 2 2 / 


(2.20) 


Each  Cube  Is  also  characterized  by  two  waves.  The  Junction-wave 

matrix  (C  ) , ,,  describes  the  waves  that  are  Incident  or  reflected 
V,  u J-W 

from  a Junction.  One  defines 


1 

if 

wave 

w 

Is 

u 

1 

if 

wave 

W 

Is 

S,u;J-w"^ 

u 

% 

0 

If 

junction 

2 

if 

wave 

u 

Is  c 

(transmitted  and/ 
or  reflected) 

Jy  (incident) 
with  wave  W 

u 

(2.21) 
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The  single-subscripted  denotation  of  a wave,  , is  numbered  slmllai 
to  that  of  a tube.  However,  there  are  two  waves  on  a tube,  oriented  to 
propagate  in  opposite  directions.  Thus,  numbering  starts  at  junction 
for  a wave  leaving  on  tube  T^  until  all  tubes  are  exhausted. 

Numbering  continues  at  junction  J2  for  all  tubes  (in  ascending  tube 
numbers) , again  for  waves  leaving  J2  • This  is  repeated  for  all 
junctions.  This  results  in  different  numbering  as  compared  to  the 
tubes.  In  fact,  for  tubes,  there  are  waves  given  by 


(2.22) 


The  junction-wave  matrix  for  the  example  in  Fig.  2.2b  is 


^^v,u^J-W 


11110  0 1 
10  0 1110 
0 10  0 111 
0 0 1 0 0 0 0 


0 0 
1 0 
1 2 
0 0 


0 1 
0 0 
2 0 
0 1 


(2.23) 


The  wave-wave  matrix  (W  ) describes  interconnection  of  waves 

u,v 


(via  junctions).  Elements  are  defined  by 


W ■ 1 if  wave  W scatters  into  wave  W , l.e.,  if  W is 
u,v  v u V 

connected  to  W via  a junction  into  which  W is 
u v 

incoming  and  is  outgoing. 


1 for  a self  tube 


0 otherwise  (normal  situation) 


(2.24) 
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For  the  example  in  Fig.  2.2b,  (W  ) is 

U , V 


(W  ) - 

u.v 


000100100001 

000100100001 

000100100001 

100000011000 

100000011000 

100000011000 

010011000110 

010011000110 

010011000110 

010011000010 

010011000100 

001000000000 


^2.25) 


Another  matrix  of  interest  is  the  tube-end-wave  interconnection 

matrix.  We  denote  by  the  index  r in  J the  tube  ends  reaching  the 

V ; r 

junction  ; then,  for  a wave  entering  via  * it  is  labeled 

as  J . , and  for  a wave  leaving  J via  J , it  is  labeled 

v;r,-  ® V v;r  ’ 

J . • 

v;r,+ 

The  tube-end-wave  interconnection  matrix  (t  ) „ „ is 

r,u  v;E-W 

defined  as  follows: 


f 

0 

if 

wave 

W 

does  not 

connect 

to  J 

via  end  J 

u 

V 

v;r 

,u;v;E-W 

-1 

if 

wave 

W 

u 

enters 

J via 

V 

J 

v;r 

(i-e.. 

(2.26) 

1 

if 

wave 

W 

leaves 

J via 

J 

(i.e.,  J J 

u 

V 

v;r 

v;r,+ 

Thus,  for  junction  of  fig.  2.2b,  a new  illustration  is  depicted  in 

fig.  2.3.  Here  the  tube-end-wave  interconnection  matrix  is 


^‘^r,u^V;E-W 


0 -1  0 0 0 0 1 

0 0 0 0 -1  0 0 

0 0 0 0 0 -1  0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 


0 -1 


(2.27) 


Note  that  the  junction-wave  interconnection  matrix  is  formed  bv 


r-l 


wh«>r«j 

= m.ixln)um  valin?  of  r 
« nurat>or  of  tub«*  oiuls  at 
I I = .ih.-nthito  valuf 


I'MV  UW 

(2.28) 


Ctroutts  of  .luiu’t  tons  .uul  Jjitu’s 

Most  Junctions  of  Interest  ol thor  consist  of  physical  lumped 
circuits  or  .-iro  trnnsmlss Ion- 1 tnu  dlscontlm>ltli>s  modeled  bv  lumped 
circuit  elomeuts  [2.8-2.10).  Topolop.lc.sl  descriptions  of  a junction 
can  th\»s  be  similar  to  those  for  a lumped  circuit,  as  outlined  in 
SectU'n  ’2b. 

Junctions  can  be  cl.asslfted  accordlnp  to  cbelr  complexities. 

The  simplest  one  Involves  only  one  tube  terminated  by  an  impedance 
network  (Includlnp  sources) . Tills  Includes  the  special  cases  of  open- 
clrculted  and  short-circuited  terminations.  n»e  voltape-current 
relation  Is  plven  by 

{\?„(S))  +(  -((t^/s))  + (t^J''*\s))l  (2.  JO) 

TTte  dual  relationship  Is 

(I  (s))+  (l^'*\s))  - (?  is))-  f(C  (s)  + (\?^’'\s))l 

n n n , m n n v - • » 

Tlie  configuration  is  depicted  In  flj;.  2.-1;  note  that  current  Is  taken 
positive  Into  the  Jvinctlon. 

For  the  short-circuited  case 

(^^(s))  - (0^)  ' (2. 112) 

n n / 
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and  for  the  open-clrculted  case 

(I  (3))  « (0  ) (2.33) 

n n 

A more  general  type  of  junction  is  one  that  connects  to  many  tubes, 
and  connections  between  wires  of  the  tubes  are  by  direct  electrical 
contacts.  This  type  is  extremely  relevant  in  modeling  the  case  of 
branching.  As  is  well  known,  branches  connected  at  a node  have  equal 
voltages  and  the  sum  of  currents  leaving  the  node  is  zero.  Thus,  each 
connecting  point  within  the  junction  is  a node  and  the  above  voltage 
and  current  relations  (2.9-11)  apply  [2.7]. 

More  general  forms  of  junctions  are  muLtitube  junctions.  While 
the  equations  take  the  same  form  as  in  (2.34,35),  these  equations  need 
to  be  partitioned  according  to  the  different  tubes  (and  associated 
waves)  that  connect  to  the  junction.  This  partitioning  is  considered 
in  some  detail  in  Section  VI;  it  utilizes  the  topology  matrices  discussed 
in  the  previous  subsection. 

A tube  is  characterized  by  its  physical  construction  and  geometry. 

These  are  in  turn  described  by  the  per-unlt-length  quantities  such 

as  the  per-unit-length  Impedance  matrix  (2*  (s))  and  the  per-unit- 

^ n,ra 

length  admittance  matrix  (Y'  (s))  for  the  general  case,  or  the  per- 

n ,m 

unit-length  inductance  matrix  (L^  ^)  and  the  per-unit-length  capaci- 
tance matrix  (C'  ) for  the  lossless  case. 

n,m 

Based  on  the  per-unit-length  series  impedance  (2*  (s))  and 

^ n ,m 

shunt  admittance  (Y*  (s)),  a per-unit-length  electrical  network  can  be 

n,m 

developed.  It  Illustrates  the  electrical  model  of  the  tube  at  a point 
on  the  tube.  This  is  shown  in  Fig.  2.5  where  for  completeness  two  sets  of 
distributed  sources  are  also  shown. 

~(s)’  ~(s)' 

Note  that  the  per-unit-length  sources  (V  ) and  (I  ) , 

n n 

as  well  as  the  voltage  (V ) and  current  (I')  vectors,  are  functions 

n n 

of  the  coordinate  z along  the  tube  as  well  as  the  complex  frequency  s . 

The  equations  governing  these  variables  on  a tube  are  considered  in 
detail  in  Section  III. 
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(i  (z.s))  (V^®^'(z,s)) 

n n 


(z' 

n«i& 


z 


Fig.  2.5  The  per-unic-lengch  model  of  a multi- 
conductor  transmission  line. 
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E.  Other  Related  Topologies 


The  development  of  scatterer  topology  and  the  hierarchical 
scatterer  topology  is  useful  in  dealing  with  scattering  and  penetration 
problems  [2.2,  2.3,  2.4].  For  an  aircraft,  missile  or  other  systems, 
there  are  many  cable  bundles  enclosed  inside  the  walls  of  the  system. 
The  use  of  hierarchical  scatterer  topological  concepts  is  well-suited 
to  aid  in  the  solution  of  these  kinds  of  problems.  Here  one  deals  with 
the  problem  layer-by-layer,  dividing  it  into  many  subproblems  of 
coupling,  propagation  and  penetration.  The  details  are  treated  in  the 
above-cited  references  and  are  not  described  here. 
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F.  Topology  Sununary 

The  various  types  of  topologies  and  their  associated  quantities 
are  sununarized  in  Table  2.1,  which  was  first  presented  in  ref.  [2.3]. 

As  mentioned  earlier,  the  hierarchical  scatterer  problem  can  be 
divided  into  the  following  subproblems  corresponding  to  the  electro- 
magnetic processes  associated  with  each  layer  (principal  volume)  in  the 
transport  of  signals  into  the  system: 

1 . coupling 

This  relates  the  response  of  each  system  layer  to  the  electro- 
magnetic fields  coming  from  the  layer  external  to  the  one  under 
consideration.  Quantitatively  coupling  can  be  identified  with 
the  source  terms  in  the  equations  used  to  describe  the  response 
of  the  layer  of  interest. 

2.  propagation 

This  deals  with  the  distribution  of  signals  within  the  layer 
of  Interest  in  the  system.  It  is  concerneji  with  the  operator 
(Integral,  differential,  etc.)  in  the  equations  describing  the 
response  of  the  layer  as  well  as  the  resulting  response  itself. 

3.  penetration 

This  deals  with  the  excitation  of  the  signals  in  the  next 
layer  (going  to  the  interior).  Specifically  penetration  is 
concerned  with  the  conversion  of  the  response  within  a layer 
into  an  appropriate  set  of  parameters  which  can  be  used  for  the 
coupling  process  in  the  next  layer.  It  is  then  the  transition 
from  one  layer  to  the  next. 

In  the  hierarchical  decomposition  of  a system  one  or  more  of  the  layers 
of  interest  may  be  represented  as  transmission  line  networks,  in  which 
case  Che  above  breakdown  is  relevant  to  transmission- line  problems.  The 
above  breakdown  within  a layer  is  summarized  in  Table  2.2. 
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(usually 
open  but 
sometimes 
closed) 
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III.  PROPAGATION  ON  AN  N-WIRE  TRANSMISSION  LINE  TUBE 


In  this  section  the  phenomena  of  waves  propagating  on  a 
single  section,  N-wlre  transmlsslon-llne  tube  are  considered.  An 
N-wlre  transmission  line  Is  one  that  consists  of  n conductors 
and  a reference  which  may  be  Infinity  or  ground.  As  will  be 
derived  later,  such  a system  has  N modes  of  propagation. 

The  equations  governing  the  voltage  and  current  propaga- 
tion on  an  N-wire  transmission  line,  i.e.,  the  generalized  trans- 
mission equations  are  the  current  change  equation 


(z,s))  - -(Y*  „(s))-(V^(z,s))  + (i^®^'(z,s)) 
dz  n n,m  n n 


(3.1) 


and  the  voltage  change  equation 

:^(V„(z,s))  - -(2’  „(s))*(i  (z,s))  + (V^®^’(z,s))  (3.2) 

dz  n n,m  n n 


where 

z ■ position  along  the  tube 

(I  (z,s))  ■ current  vector  at  z 
n 

(V^(z,s))  ■ voltage  vector  at  z (3.3) 

(Y'  (s))  ■ per-unit-length  shunt  admittance  matrix 

(2'  (s))  ■ per-unit-length  series  Impedance  matrix 
n,m 

-(s) ' 

(I  (z,s) )■  per-unit-length  shunt  current  source  vector 
n 

-(s) ' 

(V^  (z,s))  ■ per-unit-length  series  voltage  source  vector. 


It  Is  noted  that  all  vectors  are  of  dimension  N,  and  all  matrices 
are  N x n.  The  per-unit-length  equivalent  circuit  has  been  given 
In  Figure  2.3. 
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There  are  a few  ways  of  solving  (3.1)  and  (3.2).  One 
could  reduce  the  equations  to  a second  order  differential  equa- 
tion In  either  the  voltage  vector  or  the  currect  vector,  or  one 
could  express  the  voltage-current  relations  In  terms  of  a trans- 
mission supermatrix  [3.1].  Still  another  way  Is  to  solve  for 
the  unknown  propagation  vectors  that  are  associated  with  the 
waves.  Here,  the  derivation  Is  in  terms  of  a yet  undefined 
combined  voltage.  This  approach,  as  will  be  Illustrated  later, 
has  many  definite  advantages  over  other  methods. 


EMP 
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Pre-multlplying  (3.1)  by  a matrix  (A  (s))  which 

n ,m 

is  N ^ N and  non-singular  and  adding  (3.2),  then 


■^l  a (s))-(i  (s))  + (^  (s))  ] 
dz  n,m  n n 


[-  a „(s))-(r  ™^s)).(^  (s))  - (2’  ^(s))-(i  (s))i 

n,m  n,m  n n,m  n 


+ [ a (s))'(&^\s))  + (^^®^'(s))i 
n,m  n n 


(3.4) 


Defining  the  following  quantities: 


(^^®^'(z,s))  = (V^®^'(z.s))  + (A  „(s)).(I^®^’(z.s))  (3.6) 

u 4 n n»i&  n 


(3.4)  becomes 


where 


<iz  n 4 n»iD  n q n q 


„ (s)  ) • (^„  (z  , s)) 

nyin  XI  q n^xn  nfin  n 


+ (2*  „(s))-(l  (z,s)) 
TifOi  n 

Using  (3.8)  and  definition  (3.5),  one  obtains 


(3.8) 


n,m  n,m  n,m 


(3.9) 


(C  „(s)).(A^  ^(s))-  (2*  ^(3)) 
n,m  n,m  n,m 


(3.10) 
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Equating  (A^  ^(s))  In  (3.9)  and  (3.10) 

>-l 


l.e. 


“ (2'  (s))-(?'  (s)) 

n.m  n.m  n,m  ' 


One  can  also  write 


^^n  (s))] 

n.m  n,m  n.m 


1/2 


(3.12) 


(3.13) 


which  has  many  values.  One  may  define  a principal  value  (or 

matrix)*  (y^  (s)),  i.e. 

n,m 

(Y  (s))  - principal  value  of  ((2'  (s))«(?'  (s))] 

- - n,ni  n,in 


n.m 


(3.14) 


(Y^  (s))  is  called  the  propagation  matrix.  Expressing 

n,m 

(3.7)  in  this  new  form,  one  obtains 

^^^n.m^  •(^n(z.s))  = (v/®>'(2.s)) 


n^m 


I .(i 

n,m  1^0 


for  n>«m 
for  n?*m 


(3.15) 


q ■ ±1  for  forward  and  backward  traveling  combined 
N-vector  waves,  respectively. 


Essentially,  (^n^,i;(s))  has  been  restricted  to  q(Y  (s)) 


in 


(3.5). 


n,m 


From  (3.9),  (3.10)  and  (3.14) 

„(s)) 

n,m  * 

>-l. 


-1 


q(Y-  (s))  ^•(2’  (s)) 

n,m 


(3.16) 


* see  definition  under  Section  III-B. 
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Thus,  (A  (s))  is  a characteristic  of  the  transmission  line 
n,m 

and  has  the  dimensions  of  an  impedance.  Define 

(2  (s))=  (Y^  (s))-(?’  (s))“^ 

c _ c n,m 

n,m  n,m 

• 

- (Y  (s))"^-(2’  (s))  (3.17) 

c n,m 

n,m 

which  is  called  the  characteristic  impedance  matrix.  Now, 

definitions  (3.5)  and  (3.6)  are  rewritten  to  be 

(^  (z,s))  = (\^  (z,s))  + q(2  (s))'(I  (2,s)) 

non  c n 

^ n,m 

= (^^®^'(2,s))  + q(2^  (s))-(i;[®^’(z.s)) 

n q n c n 

n,m 


(3.18) 


One  can  also  define  the  characteristic  admittance  matrix  to  be 


the  inverse  of  the  characteristic  impedance  matrix,  viz. 

(?^  (s))  2 (2^  (s))"^  (3.19) 

n,m  n,m 

Putting  q “ +1  and  q ■ -1  in  (3.18),  one  can  obtain 
the  following  relations 

(^^(z,s))  - 2‘t<^n<2,s))^  + (V^(2,s))_]  (3.20) 

(2  (s))*(i  (z,s))  - 7[(V  (2,s)),  - (V  (z,s))  ] (3.21) 

Thus,  for  forward  traveling  waves 

(9^(z,s))^-  (2^  (s))-(I^(2,s))^  (3.22) 

n,m 

and  for  backward  traveling  waves 

(\f  (z,s))_-  -(Z  (s))-(i  (z,s))  (3.23) 

— n ~ 


This  is  an  important  result  which  allows  one  to  easily  separate  the 
voltage  and  current  vectors  into  forward  and  backward  waves  and  easily 
reconstruct  the  voltage  and  current  vectors  from  the  waves. 
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Eigenmode  Expansion 


EMP 


Expression  (3.14)  for  (9  (s))  clearly  indicates  the 

c _ 
n,m 

necessity  of  eigenmode  expansion  of  the  matrix  product 

(2’  (s))*(9’  (s)).  The  eigenvalues  would  yield  the  values  of 

n,m  Him 

the  propagation  constants  of  the  elgenmodes.  Corresponding  to 
each  eigenmode,  there  is  a complete  set  of  eigenvectors  for  the 
combined  voltage.  These  properties  are  examined  in  this  section. 


1.  Positive  real  properties 

a.  Definitions 

A rational  function  f(s)  which  is  real  for  real  values 

of  s and  whose  real  part  is  positive  for  all  values  of  s with 

a positive  real  part  is  called  a positive  real  function  (p.  r. 

function)  [3.2].  A positive  real  matrix  is  one  whose  eigenvalues 

are  allp.r.  functions.  Let  (P  (s))  be  a p.r.  matrix  of  size  N^n  . 

n,m  ’ 

then  the  eigenvalue  proolem  becomes 

(P„  „(3))*(P^’^\s)).  - P.(s)(P^’'^s)). 
n,m  n Con  o 

(3.24) 

(P^^^s)).- (P^  _^(s))  - P.(s)(P^^\s)). 
n 0 n«m  on  o 

where  6 ■ lt2,...,N  is  the  eigenindex  and  ^^(s)  are  the  eigen- 
values. and  (P^'^s))^  and  (P^^^s))^  are  the  eigenvectors.  Since 
is  a p.r.  matrix,  p^(s)  is  a p.r.  function  of  s.  If 
^ is  independent  of  s , then  p^  is  real  and  p^  2 0 for  all 

& . For  the  oft  encountered  case  of  symmetric  p.r.  matrices  we  can 

set 


(P  .(a)) 

n.m 


n.m 


(3.25) 
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b.  Eigenmode  expansion 

A p.r.  matrix  can  be  expanded  as  follows  [3.3]: 


6 

If  the  matrix  is  the  argument  of  a scalar  function  F , then 

n,m  t— « 0 n on  on  on  o 


6 (3.27) 

One  assumes  that  the  scalar  function  F is  single-valued  for  all 
complex  p^(s)  . Otherwise  the  principal  value  of  F[p^(s)]  is 


defined  to  define  the  principal  value  (or  matrix)  of  F[(?  (s))]  . 

n ,m 


For  example,  powers  of  the  matrix  car.  be  expressed  as 


-I 

(3.28) 


where  for  Re(s)  > 0 and  Im(e)  ■ 0 , [p(s)]  > 0 defines  the 


principal  value  of  the  e-th  power  of  a p.r.  matrix. 


c.  Normalized  eigenvectors 

The  normalized  eigenvector  is  defined  by 


.(0 


(? 


(0 


(P  ' ' (s)). 


(3.29) 


In  terms  of  the  normalized  quantities,  (3.26)  and  (3.27)  become 

6 


(3.30) 


Note  for  symmetric  p.r.  matrices  the  normalized  eigenvectors  can 
be  reduced  to 


a 


ij 


_J 
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= <?„<=»« 


d.  Transmission  line  p.r.  matrices 

Assume  that  the  per-unit-length  impedance  and  admittance 

matrices  (Z'  (s))  , (Y'  (s))  are  passive.  Then  they  are  p.r. 

n,m  n,m 

matrices . 

In  the  special  case  of  a lossless  transmission  line. 


(Z’ 

(s))  - 

s(L' 

n. 

,m 

n 

,m 

s(C’ 

n 

K 

n, 

) = per- 
,m 

-unit-: 

K 

n, 

) = per- 
»tn 

-unit-: 

where 


which  we  also  assume  to  be  frequency  independent  (dispersionless) 

and, hence, constant  matrices.  The  elements  L'  and  C are 
’ ’ n,m  n,m 

real,  being  derivable  from  quasi-static  boundary-value  problems 

(Laplace  equation).  The  p.r.  property  of  the  per-unit-length 

impedance  and  admittance  matrices  then  implies  that  the  per-unit- 

length  inductance  and  capacitance  matrices  are  both  p.r.  and 

positive  semidefinite.  Thus,  (L*  ) and  (C  ) have  real 

n,m  n,m 

non-negative  eigenvalues. 

If  we  further  assume  that  (L'  ) is  symmetric,  then 

n,m 


(L').(L’  ) - U (L'). 

n 0 n,m  o n o 


In  terms  of  the  normalized  eigenvectors  (J-')c  . (Z*  (s))  is 

® n (5  ’ ' n,m 

expressible  as 


Similar  expressions  exist  for  symmetric  (Y'  (s))  and  (C*  ) 

n,m  n,m 


(3.31) 


(3. 32) 


(3.33) 


(3.34) 


(3.35) 
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Propagation  matrix  (Y  (s)) 

c 

n,m 


The  squared  quantity  of  the  propagation  matrix  Is  equal  to 
the  product  of  two  matrices,  each  of  which  Is  typically  symmetric 
(reciprocity),  l.e.. 


(9  (s))v  - (2*  (s))-(?'  (s)) 

c V n,m  n,m 

n,m 

Let  right  eigenvector  of  (V^  (s))' 


n,m 


~2 


(2*  „(s))*(?'  (s))^  - y‘  (s)(^^  (s)), 

n,m  n,m  c o v r c o 

n on 

The  corresponding  quantity  for  the  combined  current  mode  Is  given 
by 


(y  (s));  - (?•  (s))-(Z*  (s)) 

c I n,m  n,m 

n,m 

^ 2 

Let  (1  (s)).  be  the  left  eigenvector  of  (y  (s))„ 

c^  0 c V 


n,m 


(1  (s))^-(2‘  „(s))-(?'  ^(s))  - Y?  (s)(!  (s))^ 

c 0 n,m  n,m  Ir  c o 

n 6 n 

In  this  note,  the  following  simplified  notation  Is  used: 


(Y^  is))  = (Y^  (s))^ 


n,m 


n,m 


Defining  the  normalized  eigenvectors  by 


(v_  (s))^  - 


(9  (s))^ 


*^0  ^ ‘^n  ^ 
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(3.38) 


(3.39) 


(3.40) 


(3.41) 
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n 


V<\(*»i-<lc,C»6 


(3.42) 


it  Is  possible  to  expand  the  squared  propagation  matrix  into 

2. 

.sMv^ 

n n 


(\  Y>)(v  (s))a  (s)) 

6 " " 
and  using  (3.31)  the  propagation  matrix  is 

Y^(s)(v^  (s))(r^  (s)) 


(Y,  (8))  - V 

n,m  ^ 


(3.43) 


(3.44) 


where  ^^(s)  Is  the  principal  value  of  fY^(8)] 


Hare  principal  value  means  for 


1/2 


B(s)  i 0 for  s i 0 


(3.45) 


and  then 


1.1/2 

f (a)  > 0 for  s ^ 0 


(3.46) 


with  analytic  continuation  away  from  the  s ^ 0 axis.  We  then 


assume 


.-2 


Y|j(s)  2 0 for  s i 0 


(3.47) 


so  that  we  may  choose 


Y5(8)  i 0 for  s i 0 , 6 - 1,2 n (3.48) 

Me  further  assume  that  the  ^^(s)  are  p.r.  functions  so  that 
RetYj(a)]  i 0 for  s > 0 


Yg(s)  analytic  for  s 


8 > 0 
> 0 J 


6 ■ 1,2,. ...N 


(3.49) 
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Mote  that  Y^(s)  having  this  property  corresponds  to  a + or  right- 
going wave,  since  a positive  real  part  corresponds  to  an  attenuation 
in  the  + direction,  k p.r.  propagation  constant  is  \^hen  a causal 
propagation  constant.  However,  other  more  general  forms  are  perhaps 
possible.  For  present  purposes,  p.r.  propagation  constants  are  assumed. 

The  necessity  of  choosing  which  square  root  to  use  for  the 
propagation  matrix  is  potentially  troublesome.  The  matrix  transmission- 
line  equations  may  have  buried  in  them  certain  mathematical  problems, 
such  as  related  to  existence  and  uniqueness  of  solutions,  representation 
of  solutions,  etc.  The  diagonal Izatlon  of  the  square  of  the  propagation 
matrix  may  depend  on  certain  properties  of  the  per-unlt-length  Impedance 
and  admittance  matrices;  this  in  turn  influences  the  nature  of  the 
square  root  of  the  square  of  the  propagation  matrix.  The  problems  in 
choice  of  the  propagation  constants  may  lead  to  some  restrictions  to 
situations  that  such  choices  are  applicable  or  even  possible.  There  are 
then  some  open  questions  requiring  further  research. 

With  the  above  definitions  we  obtain  two  sets  of  waves  propagating 
in  opposite  directions  along  z . For  all  modes  we  have 


expI-(Y  (s))zl  is  + propagating 
n,m 

exp((Y  (s))zl  is  - propagating 
n,m 


(3.50) 


For  a function  F of  (Y  (s)) , assuming  nondegenerate  modes,  one 

'^n,m 

can  express 


FI(Y,  (s)))  - y FtY.(s)l  (v  (s))(I  (s)) 

c o c c 

- “ X n n 


(3.51) 


n,m 


Specifically,  we  have 
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(Y.  (s)) 


Y5(s)(v^  (s))^ 

n n 


(s))-‘ . Y.  V' 


(s)(v^  (s))5(i^  (s))g 
n n 


e • Z-  ® ^''c 

6 n n 

(Y  (s))*^  ■ (1  _)  “ T'  (v  (s)).(i  (s)).  (identity) 

c n,m  c Q c <j 


(3.52) 


3.  Properties  of  (v  (s))r  , (I  (s))^ 

C 0 C 0 

n n 

The  two  normalized  eigenvectors  as  defined  in  (3.36),  (3.37), 
(3.^1),  and  (3.42)  possess  unique  properties,  which  are  exploited  in 
this  section. 

Rewriting  (3.36)  and  (3.37) 

(2*  „(s))-(^'  „(s))-(v^  (s)).  - Y^(s)(v  (s)). 

n^n  tiyin  c o o c o 

n n 

(I  (s)).,-(2’  „(s))*(?'  „(s))  - Yi(s)(i  (s))^, 
c 0 n,m  n,m  o c o 

n n 

First,  premultlply  the  first  by  (i^  (s))^,,  then  postmultlply  the 
second  by  (v  (s))f  (both  in  dot  product  sense).  The  difference 
of  these  two  new  equations  becomes 

(I  (3))g,*[(2’  „(»))•(?'  As))  - (2'  „(s))-(r  „(s))l-(v^  (8))^ 

c 0 n,m  n,m  n,m  n,m  c o 

n n 

-lY^(s)  - yJ,(s)]  (I^  (s))5,*(v  (s))^ 

n '^n 


(3.53) 


(3.54) 


2 2 

There  are  two  possible  cases.  First,  If  Y^i  then 


(^c  “ ^6,6’ 


(3.55) 
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where 


40  for  6^6' 
il  for  6-6’ 


(3.56) 


are  elements  of  the  NxN  identity  matrix  (1^  ^,)  (or  Kronecker 
delta).  Equation  (3.55)  is  called  the  biorthonormal  relation; 

(i^  (s))r  and  (v  (s))j-  are  the  biorthonormal  eigenvectors.  Second, 

^ ^ Cjj  6 

if  , i.e.,  the  degenerate  case,  the  orthonormal  vectors  are 

constructed  by  other  means  such  as  the  Gram-Schmidt  procedure. 

C.  Solution  of  Combined  Voltage  Equations 
1.  Integration  of  combined  voltage  equation 

The  combined  differential  equation  (3.15),  i.e., 


A (;__(,))  . U))-(V„(2.S»  - (5^=>'rz..))  (3.57) 

n,m 


can  be  readily  solved  [3.4]  to  give 


(0^(2, s))^  - exp{-q(Y^  (s) ) [z-Zq] } * (^^(Zq.s) ) 


z 

f exp{-q(Y^  (s))  [z-z'l }• (9^®^  (z',s))^ 
J n,m 


dz’  (3.58) 


For  a + wave  (i.e.,  a wave  propagating  in  the  + z direction),  let  us 
assume  that  (^^^(0,8))^  is  specified,  giving 


(V^Cz,s))^  - exp{-(Y^  (s))2}*(\)^(0,s))^ 
- n,m 


+ r exp{-(Yj.  (s))  [z-z'l  (z',s))^dz'  (3.59) 

Jq  n,m 


Similarly  for  a - wave  with  (V  (L,s))_  assumed  specified,  we  have 
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(9n(z,s))_  - exp{(Y^  (s))  [z-L] }-(9  (L,s)) 

n,m  " 


+ / exp{(Y  (s))[2-z'I}*(«'(®^ 
-'t  n.m  n 


(z',s))_  dz' 


(3.60) 


These  results  Illustrate  one  aspect  of  the  simplification  introduced 
by  the  combined  voltage  in  that  the  + wave  depends  only  on  the  left 
boundary  condition  and  the  - wave  depends  only  on  the  right  boundary 
condition  in  a very  compact  way.  Note  that  for  the  minus  wave  if  we 
replace  z by  L-z  as  the  coordinate  variable,  then  the  - wave 

has  precisely  the  same  form  as  the  + wave,  which  one  would  expect 
by  syrnmetry. 

Using  C3.52),  equation  (3.58)  can  be  written  in  terms  of 
eigenmodes,  i.e.. 


• L <V  (s)), 

6 ^ n 

Define  coefficients  of  expansion  as 


Vi  -9^5(3)  Iz-Zq]  ^ 


/ 


-qY^(s)(2-Zp) 


[(i^  (S))^.((f<s>’(z.,s))]dz’i(v  (s)) 

n ' * 


(Z,8) 

5.9 


9 


(3.62) 


For  a + wave,  i.e.,  one  that  travels  from  z-0  to  z-L  along  the 
transmission  line,  let  us  assume  that  (t^^(0,s))^  is  specified.  Then 

(\(^.s))^»  51  S-  (2.s)(v^  (s))  (3., 

6 o,+  n 
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(z,s)  • (i:^  (s))g*(^^(z,s))^ 
6,+  n 


-y^(.s)z 


[(i^  (s))g-(^^(0,s))^] 


+ / e 


-Y.(s)(z-z')  .V, 


Similarly  for  a - wave  with  (^^(L,s))_  specified 


(3.64) 


(V^(z,s))_  “ ^ Cy  (z,s)(v^ 

6 " 


(3.65) 


(z,s)  - (I^  (s))^*(t7^(z,s))_ 
6,-  n 


Yf(s)(z-L) 

- e [a  (s)).»(^„(L,s))  1 

c on  — 

n 

f y^is)iz-zn  , , 

L 


(3.66) 


Equations  (3.63)  and  (3.65)  show  that  there  are  2N  eigenwaves 

for  a N-wlre  transmission  line  (plus  a reference) . These  waves  are 

characterized  by  (v  (s)).  and  (L  (v-  (s)),  , 6 - 1,2,...,N  . 

6»+  n ° ''6,-  n ® 

One  could  define  an  elgenmatrlx  as  follows 

• ^^c  ^®^^2  ^^c 

’ n n n 

where  the  columns  are  the  voltage  eigenvectors.  The  eigenmode  coef- 
ficient vector  is  defined  by 


(2y  (z»s))  ■ (iSy  (z^s)  f Cy  (z«s)  (...,  Cy  (z,s)) 


(3.68) 
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Equation  (3.61)  can  be  rewritten  as 

<V„(*.s))^  ■ <S 

n ^ 

2.  Semi- inf inite  transmission  line 

Many  transmission- line  properties  can  be  learned  by 
studying  the  semi-infinite  line  where  the  complications  due 
to  reflections  do  not  exist.  As  discussed  earlier,  the  per-unit- 
length  electrical  model  of  a transmission  line  is  given  in 
Figure  2.5. 

Assuming  that  (V^(0,s))^  is  given  and  there  are  no  other 
sources  along  the  line  so  that  only  + waves  propagate,  (3.59) 
gives 

(V^(z,s))^»  exp[-(Y^  (s))2]  • (V^(0,s))^ 

n,m 

At  z - 0, 

(V^(0,s))^  is  specified 

(V^(O.s))  - (0„) 

n - n 

from  (3.19) 

(V„(0,s))  - (V^(0,s))  - (Z  (s))-(f  (0,s))  - (0  ) 

n - n c n n 

n,m 

Thus 

(V„(0,s))  - (Z^  (s))-(I  (0,s)) 

n c n 

n,m 

Or,  from  (3.20) 

(l\(0,s))  - (Y^  (s)).(\)^(0,8)) 

n c n 
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(3.70) 

(3.71) 

(3.72) 

(3.73) 

(3.74) 
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As  is  well-known,  waves  propagate  in  only  one  direction  on  a 
semi-infinite  line  driven  at  the  one  end,  with  voltage  and  current 
related  by  the  characteristic  Impedance  (Equation  3. 73 ) • Thus,  the 
effect  of  a semi-infinite  multiconductor  transmission  line  can  be  repre- 
sented by  an  equivalent  impedance  network  that  is  equivalent  to  the 

characteristic  Impedance  matrix  {i  (s))  . 

^n,m 

3.  Normalization  relation  of  (v  (s))c  and  (i  (s))r  in  terms 

n ° n ° 

of  (2  (s))  and  C?  (s))  and  associated  modal  expansions 

c c _ 

n,m  n,m 

For  forward  traveling  waves  only,  (3.22)  gives 

(\?  (z.s))  • (2  (s))*(i  (z,s))  (3.: 

n c n 

n,m 

For  (\)^(z,s))  chosen  as  a single  mode,  (3.63)  gives 
(\?^(z,s))  • (v^ 

Hence 


(I^(z,s))  ■ (?^  (s))‘(v^ 

'^6,+  n,m  n 

Therefore,  the  6-th  mode  for  the  current  can  be  normalized  as 

(I  (s))^  H (?  (s))*(v  (s))^ 

C 0 C CO 

n n,m  n ^3  , 

n n,m  n 

Together  with  (3.55)  this  specifies  (v  (s))  and  (I  (s))  including 

c c 

their  units.  ''  " 

For  nondegenerate  modes  (3.53),  (3.55),  and  (3.78),  give 


350-50 

(3)) 

(s))  .ff 

a 0 c * (f  r ^ d d' 

For  the  ‘'n  (s)) 

”®  First  of  ku  *’»®  c ''®''-*ji  » 1 

■ r (V 

f w), 

n d 

■ 

E’  <^»,.<f 

n ° c 

Jr  , "■" 

■Tr  i "■"  J 

Li  <.»!„  ^ " J 

» 4/  '\  Cs)).(j 

r ^ J n.m  n.m-' 

n 6 (s)) 

J n,2D 

I V ^ t.  ^ 0/>  V 


Which  we  o 

conclude 

fs))  , 

n.m  (s))~F  , 5^  ^ 

° ® sioiia-  T ^''c  fs».Cv  few 

^ *ar  manner  f-  <5  ° d'  c (s)) 

'^c_fs))  " "00  th^  n ' 


u,m  "c  cs;;  ■"  , \ 

® Similar  T fs».Cv  f^w 

*ar  manner  f-  <5  ° 0 c 'S^)r 

''^c  fs))  the  o-  n d 

«lves  ” a (3^)  °^  dyadic  maltipii^ 
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E ^5,6'  ’ Y. 


“ J 

n • n 


^^|TI  n II|ID  n n 


L 6 " 


(s))^(i^  (s))^ 


i -(2^  M)-  Xi  (t,  (s))j,(t^  (s))j, 

n « IQ  ^1  n n 


(1  (s)) 

n ,m  c 

n,m 


[l«o 

L 5-  " 


(s))^,(£c  (s))^, 


- (Z^  (s)) 

c 

n»m 


L 6 " J 


(3.82) 


from  which  we  conclude 


(?  <s)) . <2  (s))-i . y (I  <s»  (I  (s))j 

n,m  n.m  ^ n n 

These  results  are  quite  illuminating.  Specifically,  they  show 
that  the  characteristic  impedance  matrices  are  symmetric,  i.e., 


(3.83) 


(Z  (s))"  . (2^  (s)) 

c c 

t IQ  n y IQ 

(?  (s))"^  - (?^  (s)) 

c c 

n,m  n,m 


(3.84) 


This  is  evident  from  (3.81)  and  (3.83)  which  expand  these  as  sums  of 
symmetric  dyads.  The  form  in  (3.84)  is  usually  referred  to  as  reciprocity, 
but  this  property  was  not  assumed  in  the  beginning,  but  is  required  by  our 
results.  Again,  this  is  possibly  associated  with  the  assumed  characteristics 
of  the  propagation  matrix. 
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4.  Expansion  of  (f  (s))  and  (?'  (s))  in  terms  of 

n,m  n,m 

(v  (s))|5  and  (1^ 

*^n  n 

From  (3.58)  for  the  case  of  no  sources  along  the  seml-lnf Inlte 
line,  z > 0 , with  only  + waves,  we  have 


(V^(z,s))^  - exp{-(Y^  (s))z}*(\)'^(0,s))^ 

n,m 

((7^(z,s))_  « (Ojj) 


(3.85) 


(\/^(z,s))  « (2^  (s))*(t^(z,s)) 

n,m 


Expanded  In  modal  form  we  have 

P 

I 


(d^  (z,s)) 
n + 


-Yr(s)z 

n n 


n + 


^ (\(a,s))^-  - 


^Y5(s)  e 

V 6 


-Y^(s)z 


(Vc  (s))5(I^  (s))^ 


,,  (3.86) 

•(^^(0,s)) , 


Noting  the  special  relation  between  the  voltage  and  current 
vectors  we  can  then  write  equations  for  the  voltage  vector  the  same  as 
for  the  combined  voltage  vector,  l.e.. 


-Yr(s)2 

6 n n j 

-[? 


s)) 


(3.87) 


-Yx(s)z 

Y^(s)  e (v^ 

n n 


■(«'j^(0,s)) 


Similarly,  for  the  current  vector  we  have  by  multiplication  (dot  product) 
by  the  characteristic  admittance  matrix 


(I„(z.s)) 


(f  (s))-ly 

n,m  ^ g 


-yg(s)z 


(V  <s))j(I^  (,))^ 
n n 


l-a 

J ‘^n,m 


(s))-(l^(0,s)) 

(3.88) 
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Than  using  chc  modal  axpanslons  for  cho  characCerlatlc  admittance  and 
Impedance  matrices  in  (3.83)  and  (3.81)  respectively • together  with  the 
biurthonormal  modal  relation  in  (3.55)  we  have 


-yAa)z  ^ 

<,))j(C  (.))j 

S n n J 

^ “Yr(9)a 

2_^Y^(s)  e (1^ 

6 n n J 


(3.89) 


jr  (I  (2.S)) 

dz  n 


Recall  (3.1)  and  (3.2)  without  sources 


± (I  (z.s))  - -(?'  „(s))-((;^(z,s)) 
dz  n Utm  n 


^ (^„(Z.S))  - -(2’  ^(s))*(l  (z.s)) 
dz  n n,m  n 


Comparing  these  to  the  above  modal  expansions  of  the  derivatives  we 
have  first,  considering  the  current  derivative 


-Yr(s)Z 

y^(.3)  e (f^  (s))^ 

n n 


■■(? 


-Yt(s)z 

y^is)  e * (1^ 

n 


'•(?  (s))*(9  (0,s)) 

J ‘^n.m 


(3.90) 


■(?’  „<8))*(<i'„(«,s)) 
npiD  n 


Evaluating  this  at  z«0  and  noting  that  (^^^(O.s))  is  an  arbitrary 


(3.91) 


N vector,  we  have 


(3.92) 


Similarly,  using  the  voltage  derivative  equations 
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( 

-z 

b 6 


Yg(«)  e (v^ 

n 


c ‘•»4-«c 
n j n,i 


-{?’< 


(8))*(r  (0,8)) 

n 


-Yr(8)z 
(8)  e (v^ 


s)) 


n,oi  n 


(3.93) 


Evaluating  this  at  z*0  and  noting  that  (t^(0,s))  is  an  arbitrary 
N vector,  we  have 

6 n n 

Note  now  that  (3.92)  explicitly  illustrates  that  (?'  _(s)) 

n,® 

is  syaaetrlc  and  (3.94)  does  the  same  for  (Z*  _(s))  , i.e., 

n,m 


(2*  „(8))'  - (2*  ^(8)) 

tltH  Ci^OL 


«<*>)  - «<■)> 

iigS  ngS 


(3.94) 


(3.95) 


As  in  (3*84)  for  the  characteristic  Impedance  and  admittance  matrices, 
this  synsMtry  is  a statement  of  reciprocity  for  the  impedance  and 
admittance  per-unit- length  matrices.  While  this  was  not  explicitly 
assumed  at  the  start,  it  is  a consequence  of  the  development.  This  may 
be  associated  with  the  assumed  diagonal izat ion  characteristics  of  the 
propagation  matrix.  Then  let  us  consider  the  reciprocity  (symmetry)  of 
the  impedance  and  admittance  per-unit- length  matrices  as  one  of  our 
assumptions  for  the  present  developsient. 

Taking  (3*94)  and  left  or  right  dot  multiplying  by  a current 
eigenmode,  we  have 


Y5(«)(v^  (s))^-  (•))5 

n n 

- (I  (•))x*(2'  „(s)) 
c o n,m 


(3.96) 
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A doc  produce  with  Ch«  d'-th  current  mode  gives 


Yg(s) 


^6,6'  " 


(s)),-(2'  „(s))*(r  (s)), 

O IlplD  C < 


(3.97) 


Given  Yx(*)  this  normalizes  the  (I_  (s))r  In  terms  of  (2'  (s))  . 

o '"n  o n,m 

Note  also  Che  relationship  of  Che  voltage  and  current  modes  via 
(2'  _(s))  and  yAs)  . 

ntm  0 

Similarly,  dot  multiplying  (3.92)  on  left  or  right  by  a voltage 
eigenmode  gives 


yAs)  (1  (s)).  - (V  „(s))*(v  (s), 

o c 0 n,m  c 0 

n n 

“ (3.98) 

A dot  product  with  the  6'-ch  voltage  mode  gives 

^6^®^  ^5,6'  “ ^^c  ^*^^6*^^n.m^®^^*^^c  ^3. 99) 

n n 

This  normalizes  the  (v-  (s)),  in  terms  of  (?'  (s))  and  the 

'■n  ® n,m 

Yj(s)  . Note  also  Che  relationship  of  the  voltage  and  current  modes 
via  (?j^  „(»))  and  3^5(8)  • 

5.  Termination  condition  of  a cube 

A transmission  line  is  usually  terminated  at  Che  two  ends  z-0 

and  z*L  . The  termination  could  be  a lumped  impedance,  a distributed 

network,  open-circuit  or  short-circuit.  If  sources  are  included,  these 

conditions  can  be  represented  by  a generalized  Thevenin  equivalent 

network  or  a generalised  Norton  equivalent  network. 

Passive  terminations  can  be  specified  as  an  impedance  matrix 

(2v  (z,s))  or  an  admittance  matrix  (?t  (<»■))  where  z*0  or  L . 

The  condition  (2t  (L,s))  ■ (2-  (a))  , or  equivalently 

(f.  (L,s))  « (f  (s))  specifies  a perfectly  Mtched  line  and  the 

*n,m  '^n,m 

Cransnlaslon  line  behaves  like  a sami-lnfinite  line  for  0 £ t i L 
(with  an  equivalent  single  end  at  s-0  ). 
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Alcernatlvaly,  th«  terainatlng  conditions  can  be  specified  by 

scattering  matrices  (§  (a, a))  where  z-O  or  L . Consider  at 

n in 

r»L  (see  Figure  3.1);  let  the  incoming  waves  be  designated  by  a super- 
script - and  the  outgoing  waves  + . The  scattering  matrix  is 
defined  by 

- (2  (z,s))*(V)f"\s))  (3.100) 

n n«ffl  n 

For  the  case  illustrated  in  Figure  3.1,  one  observes  that  if  this 
termination  is  taken  as  z~L  , then 


(il^'^^s))  - (\)„(L.s))_ 
n n - 

(a^"\s))  - (9  (L.s)) 

n n + 


(3.101) 


One  can  then  rewrite  (3.94)  as 


(\>  (L,s))  - (S„  „(L.8))*(0  (L.s))  (3.102) 

n - n,m  n + 

which  in  this  terminating  case  is  the  same  as  the  definition  of  a 
reflection  matrix  given  by 

(S  _(L.3))  - 1(2  (L.s))  + (2  (s))j‘^*[(2^  (L,s))  - (2^  (s))] 

n.m  n,m  n.m  n.m  (3.103) 

Similarly,  at  z*0  the  termination  conditions  are 

(V(0,s))^-(§  „(0,8))*(<)„(0,s))  (3.104) 

n r n,m  n — 

and 

(S  ..(O.a))  - [(2_  (0,8))  + (2^  (8))1"^*I(2  (0,s))  - (2^  (s))l 

\.m  ‘'n.m  ^n.m  ‘'n,m 

(3.105) 
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6.  Solution  of  coablnod  voltages 

Combination  of  (3.58),  (3.102)  and  (3.104)  gives  the  solution 
of  the  combined  voltage  equation.  Rewriting  these  equations 


‘(^^(O.s))^ 

IlylR 


+ r exp  {-(Y^  (s))[a-r’l>-(V^*^’(t’.s))^  dz 


(\^^(z.s))_  - exp  {(Y^  (s))[z-L)}  •(\^^(L.s))_ 

n,m 

+ / exp{(^  (s))lz-z’l}  -(Cj^^^z'.s))  dz' 

•*  L n,m  *' 

(V_(0,s))+  - (S  (0.s)).(i)^(0,s)) 

(t7^(L,s))_  - (3.106) 


These  equations  can  be  solved  by  substitutions,  or  can  be  arranged 
in  a matrix  form,  as  described  later  In  the  BLT  equation.  As  written 
here,  these  correspond  to  the  special  case  of  a transmission-line  network 
consisting  of  two  Junctions  (or  terminations)  connected  by  a single  tube. 

7.  Reconstruction  of  total  voltages  and  total  currents 

Once  the  combined  voltages  are  evaluated,  the  total  voltages 
and  total  currents  are  readily  obtained. 

From  (3.18),  one  obtains 


(^„(*.s))  - |t(^^(z,s)).  + (^„(t,s))  1 

n z n + n “ 

(l^(z,a))  - (a))  . («^j^(t,8))^  - (7^(t,s))_l 


(3.107) 
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Hence,  If  one  knows  (V  (z.s)).  and  (V  (z.s))  for  a given  tube,  as 

H ▼ n • 

well  as  (Y.  (s)}  or  (Z  (s))  (being  measurable  or  conceivably 

^,m  ‘^n,m 

even  calculable),  Chen  Che  measurable  voltage  and  current  vectors  are 
directly  recons true cable. 

D.  Sign  Convention  of  q 

It  is  noted  that  in  the  definitions  of  the  combined  voltage, 

Che  convention  q ■ +1  is  chosen  to  represent  the  wave  propagating 
from  z»0  to  z»L  . Correspondingly,  q ■ -1  represents  the  wave 
propagating  from  z«L  to  z«0  . 

Let  us  further  denote  the  above  quantities  with  a subscript  u , 

l.e.,  q^  ■ -fl  corresponds  to  wave  propagating  from  left  to  right, 

i.e.,  from  z ■ 0 to  z ■ L . This  is  shown  in  Figure  3.2. 

It  is  also  permissible  to  choose,  on  the  same  Cube,  a different 

convention.  Let  z ■ L - z be  a new  coordinate,  as  shown  in 
V u 

Figure  3.2.  The  new  q convention,  q^  , is  now  oppostie  to  q^  . 
Here,  q^  ■ -fl  corresponds  to  a wave  traveling  from  right  Co  left 
(l.e. , z *0  to  z ■ L). 

V V 

This  convention  will  prove  useful  and  is  recalled  in  deriving 
Che  BLT  equation. 

The  subsequent  sections  deal  with  multitube  multiconductor 
transmission-line  networks.  More  general  notations,  primarily  in  the 
form  of  additional  subscripts  denoting  either  the  tube  or  the  junction, 
are  used. 

E.  Sniimavy 

Since  there  are  so  many  expressions,  relations,  etc.,  introduced 
in  this  section,  it  is  useful  Co  sumarize  them  in  tabular  form,  as 
presented  in  Tables  3.1-4. 
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Table  3.1  Transmission-Line  Equations 


350-61 


Trans,  lina  aqaa. 
(taiatraphat  a^as.) 


4-  (C  (*.a))  - -{i*  (a))*(l,(i.a))  ♦ (f'*’'(*.a)) 

ds  n n.B  R D 

■f  ll.(i.a))  • _(a))M?  (i.a))  ♦ (l‘*’\i.a)) 

dl  R RiB  Q R 


Coablnad  Voltaga  Vactor  (^^(a.*))^ 


(?  lx,a)>*()ll  <a))*ll  (».a)) 

n c n 


Ccabxnad  Par-Uait-Langth 


Sourca  Vactor 


Voltaga  Vactor 
Rac  oast  rue  cl  on 


Currant  Vactor 
Racona cruet ion 


(\'  (i.a)) 
n 


•qv!  »a>>-a„U.a>) 
n c R 

RaS 


(i  U.a))  -4  V?  laD*  [(V  U.a))  - (C  (i.a))  ] 


Saparatlon  Indax 


Coablnad  Voltaga 
Equation 


Propagation  Matrix 


Charactarlttlc  lapadanca 
Matrix 


Charactarlatlc 
Adalttanca  Matrix 


(a)) 

'^n.a 


(t  (a)) 
c 

RgB 


[‘^n.a’  ii* 

■ f(2'  _<a))*(T'  (a))l'*  (principal  or  p.r.  valua) 

L R,a  n»B  4 


O (a))*(V’  (a))*‘ -O  (aU*^-(i'  (al) 

'n  HI 

n*B  R»B 


li,  (a)r^  . (!'•  _(a>)  •(',  (a))*^ 

- R»*  C 

R.a  UgB 

• -^'c. 


Canaral  Solution 
(rafarancad  to  arbitrary- 

poalclon  t ) 
o 


n q 


xp[-q(>%  (.)) 

^ V R »a  ^ 

J axp|-q((>^  lan  (»-*’]]• 


a')  d»’ 

q 


or  right  wava  ((  (i,a)> 

R ♦ 


Solution  (or  tuba 
0 < 1 < L 
In  tama  of 

boundary  valuaa  - or  laft  wava  (t  (x,a>l 

R • 


axp/-(N.  ts))*}«a'  (O.aM  ♦ 

"n.a  ; " 

♦ J (a))  (x'.a>'^  di' 

axp  I (a>)  [t-Lj|»{V|j(L.a)). 

♦ J U',a))_di' 
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Table  3.2  Dlagonallzatlon  of  Propagation  Matrix 


— 

Svabol 

Halation 

$qu«ra  ot  trep*g*tion 

Matrix 

(\  (•))’ 

O.B 

Moiaalltad  Voltaca 
Kliaovactor 

(*c  0)4 
n 

(Y  (a))**(v  (a))j  • Y^(a)  (v  (a)), 

'n.B  =0  ■ “ 'n  - 

Noraallxad  Currant 
Ei|anvactor 

He  (.))4 
n 

(1^.  (a))<*(Yj  (a))*  • Yj(a)  (1^  (a)), 

n ' n.B  ' n ' 

Elfanvalua  of 

Propaaatlno  Matrix 

Yj(a) 

• [Y^(a)j'’  (principal  or  p.r.  valua  aaauaad) 

Elganlndax 

4 

• 1.2 N (N'N  aatrlcaa) 

Blorthooorval  Proparty 
(uaad  for  norBallxatlon) 

(1  (a)),*(l  (a)),.  • 1,  ,,  (N  indapandant 

‘‘n  “ n ' alganvactora  aaauaad 

of  both  voltaga  and 
currant  typaa) 

Function  of  Propafatlon 
Matrix 

F((Yj  (a))) 
n.a 

• ^ F(Y^(a))  (v^  (a))j  (Ij  (a))j 

4 '■  n ' n ' 

Spaclal 

Caaaa  < 

r Propagation  Matrix  (Y^  (a)) 

n.B 

■ Z '4‘*^  ‘*>’4  <^c  '*''4 

4 " " 

L Tran«po»« 

(Y£  (a))^ 

n.a 

• 5^  >41*)  (ic  ^*'^4  '^c  ^*'^4 
^ no 

Spaclal 

Caaaa 

^ Invar** 

(Yj  (a))‘^ 

ApB 

- £ Y‘\a)  (»^  (a))^  (a)l^ 

4 n n 

L Idantlty 

‘^n..> 

' <\.b‘*’'°  ■ ‘*’>4  <*’>4 

A n n 

■ ) (i  ^a)),  (v  (a)). 

T n ' S 

) 


i 

t. 
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Noraalltaclon  vl« 
Oiaractarlttlc 
iBpadanc*  and 
Adai:eanca  ' 

!lacricat 


/intarralatlen  of 
Ivoltai*  and  currant 

lalianaodaa 


Nonalitatlon  vial 
Par-Unlt-Langth  / 
lapadanca  and  \ 
Adalttanca  I 
Hatricaa  | 


fiaparaca  voLtaga 
land  currant  algaoaoda 
InorBalizatlon 


ilntartaXatloo  of 
Ivoltaga  and  currant 

lalganaodaa 


Saparata  voltage  and 
currant  alganaoda 
nonaliaatlon 


(v^  (a))5  - (Z^  (a))'(l  (a))j  - (i  (a))j*(Z  (a)) 

a n.n  n 'n.n 

(i  (a))^  - (Yj  (a))'(C<.  (a))5  - (v^  (a))^-^^  (a)) 

‘n  a, a n n a, a 


Ij  j.  * <»>>«• 

***  n ti,a  n 

5*  • (*))o 

o ii,a  n 

rj(a)(C,  (a))4  - (2;,,(.))-(ic  (d))^  - 

o on 

X,(a)(lj  (a))j  - <•>>{  • <vc  <*)){•(?■  -(»)) 

^ n ' n n °* 

^6  J-  ‘ (•»£. 

n * n 


Table  3.4  Representation  of  Other  Matrices  in  Terns  of  Voltage 
and  Current  Normalized  Eigennodes  (indicating  assumed 
reciprocity) 


Oiaracterlatic  (2  (a)) 

lapadanca  Matrix  ‘^n.a 


Relation 


Charactariatle  (f  (,)y 

Admittance  Matrix  'n.a 


Per-UnlfLangth  (2'  (a)) 

lapadanca  Matrix  "*" 


Par-Unlt'Langth  (?•  (*)) 

Adalttanca  Matrix  "** 


■ I!  <^C  (•>!« 

6 n ' n 
• Y.  ^6^*’  ^^‘c  <•>>{  <’c 

S n n 

■ E <*»4  <•»« 

5 n n 
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IV,  SUPERMATRICES  AND  SUPERVECTORS 

Define  a supennatrix,  or  more  specifically,  a dimacrlx  or  censor 
of  rank  four,  as  a partitioned  matrix  or  matrix  of  matrices  in  Che  form 


with  elementary  matrices  or  blocks 


(D  ) 
n,m  u,v 


and  elements 


D 

n,m;u,v 

such  that  the  blocks  or  elementary  matrices  are  , i.e., 

n » 1,2, ... ,N 
m ■ 1,2, .. . ,M^ 

and  the  dimacrlx  Is  N^N  , I.e., 


u » 1,2, . . . ,N 
V « 1,2, . . . ,M 


(4.1) 


(4.2) 


(4.3) 


(4.4) 


(4.5) 


Note  that  this  corresponds  to  a matrix  with 


n-1 

M 

1“. 


rows 


columns 


(4.6) 


295 


350-66 


EMP  3-39 


which  hfts  been  partitioned  Into  blocks  or  elementary  matrices  by  a 
partitioning  of  the  row  and  column  Indices.  Pictor tally  this  corresponds 
to  drawing  horizontal  and  vertical  lines  completely  through  the  matrix 
between  selected  adjacent  rows  and  selected  adjacent  columns. 

For  our  purposes,  the  dlmatrlces  will  be  square,  i.e.. 


N - M 


(4.7) 


Furthermore,  the  partitioning  will  be  symmetric,  i.e., 


for  u ■ V 


(4.8) 


Hence  the  diagonal  blocks 


(D  „ , size  N XN 
n,m  u,u  u u 


(4.9) 


are 


square  and  off-diagonal  blocks  are  symmetrically  rectangular,  i.e.. 


(D  „ . size  N XN 

Agin  UgV  u V 


(D  _)„  „ f size  N xN 
Him  v,u  V u 


(4.10) 


Supervectors  or  dlvectors  are  similarly  defined  in  the  form 


(4.H) 


with  elementary  vectors  as 


(V  ) 
n'u 


n - 1,2,. ..,N 


(4.12) 


u - 1,2,. ..,N 
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renMmburlng  chat  a,m  and  u,v  ace  merely  dunmy  Indices.  Note  chat  the 
elements  are  designated  as 


V (not  V ) 

n;u  n,u 


(4.13) 


Define  supermatrix  multiplication  in  the  dot  product  or  contraction 
sense  as 


(4.14) 


Here  we  note  contraction  is  done  twice  involving  Che  second  indices  of 
Che  two  pairs  of  indices  for  the  first  matrix,  and  Che  first  indices  of 
Che  two  pairs  of  indices  for  the  second  matrix;  this  is  denoted  by  two 
levels  of  dot  product  : , noting  the  two  dots  one  above  the  other. 

In  (4.14)  the  two  dimatrlces  are  not  necessarily  square.  It  is 
merely  required  that  the  second  indices  m,v  of  the  first  dimatrix  have 
Che  same  range  (hence  same  partitioning)  as  the  first  indices  of  the 
second  dimatrix.  Two  dimatrlces  with  this  property  are  said  to  be  of 
compatible  order,  for  multiplication  in  the  double  doc  product  sense  in 
this  case,  with  order  of  multiplication  specified. 

In  the  present  note  all  dimatrlces  are  taken  as  being  of 
•ym— trie  compatible  order,  i.e.,  (4.7,8)  apply  and  M and  the  N^  have 
Che  same  values  for  all  dimatrlces  in  the  particular  discussion  (i.e., 
describing  a given  physical  situation).  Furthermore,  the  divectors  are 
also  taken  as  having  the  same  compatible  order.  Thus  we  can  form  any 
such  operations  as 
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I 


((A„  J ) + ((B„  ) ) 

n,0  u,v  n,m  u,v 

dimatrix 

(.U  ) : ((B^  J ) 

n^m  u,v  n,m  u,v 

dimatrix 

((B  ) ) : ((A  ) ) 

n,m  u,v  n,m  u,v 

dimatrlx 

((A  ) ) : ((V  ) ) 

n,m  u,v  n u 

divector 

«Vu)  ■ 

divector 

<'Vu>  ' 

scalar 

(A. 15) 


where  dlmatrlx-dlvector  and  divector-divector  multiplication  in  the 
double  dot  product  sense  are  obvious  specializations  of  (A. 14). 
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V.  IDENTITY  SUPERMATRIX 

Before  continuing  the  supermatrices  of  the  previous  sections  to 
yield  an  equation,  it  is  necessary  to  define  an  identity  supermatrix 

<^ln.«>u.v>  • 

The  identity  supermatrlx  is  such  that  its  diagonal  element  matrices 
are  all  identity  matrices,  and  all  off-diagonal  element  matrices  are 
zero  matrices,  i.e.. 


(1  ) 
n,m  u,v 


1 

u,v 


(1  ) 
n,m 


1 

n,m 


{ 


1 for  n“m 
0 for  nt*m 


(5.1) 


involving  Kronecker  deltas.  The  individual  elements  can  be  written  as 


1 

n,m;u,v 


1 for  both  n"m  and  u“v 

I 

0 for  either  nihn  or  uj^v 

X 


(5.2) 


as  a sort  of  super  Kronecker  delta  or  superidentity  element.  Note  the 

identity  supermatrlx  is  then  a symmetric  dimatrix  as  in  (4.7,8). 

For  a supermatrlx  ((M  ) ) of  svmmetric  compatible  order, 

n,m  u,v 

then 


((1  J ) : ((M  „)  ) - ((M  ) )):((!  ) ) - ((M  ) ) (5.3) 

DgiD  u,v  ngiB  u«v  n»®  u,v  n*®  UfV  npH  u,v 

Also,  an  Inverse  ((M  ) )^of((M  ) ) exists  such  that 

n,m  u,v  n,m  u,v 

((M  _)  )"^:((M  ) ) - ((M  ) ) ; ((M  ) 

n,m  u,v  n,m  u,v  n,m  u,v  n,m  u,v 


■ <<^n,.>u,v> 


(5.4) 
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VI.  SCATTERING  SUPERMATRIX 

The  concept  of  scattering  matrices  Introduced  in  Section  III  for 
a terminated  tube  is  extended  here  for  Junctions  where  more  than  one 
tube  is  connected.  Collections  and  suitable  ordering  of  scattering 
matrices  at  all  Junctions  of  the  transmission-line  network  form  a 
scattering  supermatrix. 


A.  Junction  Scattering  Supennatrix 

Consider  the  vth  Junction  with  tube  ends  denoted  by 

Jy.p  with  index  r as  discussed  in  subsection  IID.  Let  this  Junction 
be  characterized  by  an  impedance  matrix 


n.m 


(if 

n,m 


The  Junction  scattering  matrix  is  defined  so  chat 


(6.1) 


(6.2) 


where  the  subscripts  + and  - refer  to  the  aggregate  of  respectively 
outgoing  and  incoming  waves  (N-waves)  on  Che  various  tubes  in  the  form 
of  combined  voltage  vectors;  remember  that  the  current  convention  for 
outgoing  waves  is  positive  direction  outward,  and  for  incoming  waves  is 
positive  direction  Inward. 

In  Che  supermatrix  form  partition  according  to  waves  on  the  r^ 
Cube  ends  connected  to  as 


(6.3) 


where 
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(s)) 


r;v 


n r;v 


r 


1 ■’ 

A » — » 


.r 


(6.4) 


are  the  voltage  and  current  vectors  on  the  rth  tube  ends  at  J 

V 

with  current  convention  into  . 

The  tube  associated  with  the  rth  tube  end  at  J has 

V 

characteristic  impedance  and  admittance  matrices  which  can  be  put  in 

supermatrix  form  for  J as 

V 


n,tn 


= tube-end  characteristic-impedance 
supermatrix  for 


((Y  (s))  ,)  = tube-end  characteristic-admittance 

^n  m ^ ^ ^ 

’ supermatrix  for  Jv 


where 


- ((2,  (s)) 

c 

n,m 


r,r' 


V 


(6.5) 


(s)) 


n.m 


r,r’;v 


I characteristic-impedance  matrix  for  rth  tube 
end  at  for  r-r'  (square) 

(0  ) for  (rectangular) 

n^m 


(^  (s)) 

“^n.m 


r,r'  ;v 


characteristic-admittance  matrix  for 
- J for  r«T'  (square) 


rth  tube  and  at 


1 

(0 

^ n.m 


) for  ri^r'  (rectangular) 


(s)) 

*^n,m 


r,r;v 


(2,  (»)) 

c 

n.m 


-1 

r.r; 


V 


(6.6) 
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Thus,  chess  lapedance  end  admittance  supermacrices  for  the  cube  ends 
at  a given  Junction  are  block  diagonal  and  may  be  represented  in 
terms  of  the  direct  sum  as 


(( 


n,m  n,m  n,m  n,m  v v 


= <“»r.r:v 


r-.l 


n,m 


^ '^0.  .'»»ui=vO 


n,m 


n,m 


n,m 


iQrt 

a natn 

r-l  ’ 


(b.7) 


where  the  convention  used  here  is  to  maintain  the  partitioning  accordin<3 
to  Che  two  pairs  of  indices  (n,m  and  r,r')  instead  of  combining  them 
in  one  pair  as  in  a regular  matrix  (or  monomatrlx).  Note  the  subscript 
V on  the  supermatrices ; the  elementary  matrices  are  also  identified 
with  V and  the  r,r'  Indices  range  over  the  tube  ends  at  , not 
over  Che  wave  indices  u,v  . 

The  scattering  supermatrix  for  is  defined  by 


n,m 

= outgoing  wave  supervector  at 

n,m 


= incoming  wave  supervector  at  J 


(6.8) 
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Again  note  that  the  current  convention  is  positive  current  into 

so  chat  Che  usual  Ohm's  law  convention  in  (6.3)  holds  for  . 
Solving  (6.8)  for  the  voltage  and  current  supervectors  at 


((if  >(.»,)  - i ((?,  <»»,.r'>v‘>««”’<“»r>v,-  - 


n,m 

Now  we  can  compute  the  Junction  scattering  supermatrix  for 
by  combining  (6.8)  and  (6.9)  with  (6.3)  to  give 


(6.9) 


((S„  Js))  ,) 

Tif»  ^ ^ 


n,m 


-1 


n,ffl 

Him 


n,m  r,r  \>  c r,r  v n,m  r,r  v 

n,m 


(6.10) 


Note  the  identity  supermatrix  corresponding  to  ; it  is  of  course 
partitioned  in  Che  same  symmetric  compatible  order  as  are  the  various 
impedance  and  admittance  supermatrlces  and  the  scattering  supermatrix 
for  Jy. 

For  the  junction  let  the  rth  Cube  end  have  conductors 

(plus  the  reference)  so  that  the  wave  on  this  Cube  end  is  a vector  of 

dimension  M . The  supervectors  Chen  have  dimension  for  J as 
vjr  V 


(6.11) 


The  associated  supermatrlces  are  terms  of  the  blocks  or  elementary 

matrices;  the  corresponding  matrices  (unparclcioned)  are 

reader  may  consult  fig.  2.3  for  an  example  of  Cube  ends  connecting  to  a 

Junction. 
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B.  Re Indexing  of  Eleiaenterv  Matrices  in  the  Collection  of  Junction 


Scaccerlng  Supermatrices 


Having  considered  the  Junction  scattering  supermatrix  for 
and  noting  that  v - l,2,...,Nj  gives  all  the  junctions,  we  then  have 
the  elementary  scattering  matrices  from  one  tube  to  another  wherever 
there  is  such  a connection  at  any  junction.  The  problem  is  one  of 
rearranging  the  equations  so  as  to  combine  the  results  for  junctions 
and  tubes  to  obtain  a description  of  the  overall  transmission-line  network. 

To  convert  the  junction  scattering  supermatrix  to  a network 
scattering  supermatrix,  consider  the  tube-end-wave  matrix  (t  \,.r  u 

which  relates  the  tube  ends  (r)  at  junction  to  the  waves  on 

those  tubes.  Recall  the  definition  from  (2.26)  of  the  elements  of  the 
tube-end-wave  matrix  as 


0 if  W does  not  connect  to 


via  the  rth 


tube  end  ( i . e . , 


"v;r> 


‘r,u;v;E-W 


-1  if  W 

u 

end  (i.e. , 


enters 


Vr.-> 


+1  if  W leaves 


via  the  rth  tube 


via  the  rth  tube  end 


(i.e. , 


Once  can  then  construct  this  matrix  for  each 


1,2,. ..,N. 


(6.12) 


from  the  topological  diagram  (graph)  for  the  transmission-line  network 
giving  the  junction  numbering  and  wave  numbering  (as  In  the 

example  In  fig.  2.2b),  and  from  the  corresponding  diagram  for  each 
junction  J including  tube-end  labeling  (r  or  J . ) (as  in  the 

V V 5 IT 

example  for  in  fig.  2.3). 

Now  to  associate  an  elementary  scattering  matrix  (§^  m^®^^r  r'‘V 

for  two  tube  ends,  J and  J , , with  (§  (s))  corresponding 

V;  r v;r'  n,m  u,v 


corresponding 


to  two  waves,  and  , in  the  overall  network  is  straightforward; 

one  must  associate 


r’  (or  J ,)  ■*■  V (or  W ) for  the  Incoming  wave 
V ; r V 

r (or  Jy.y)  u (or  W^)  for  the  outgoing  wave  (6.13) 
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However,  Chls  is  what  Che  Cube-end-wave  matrix  does. 

Consider  Incoming  waves  corresponding  co  the  second  Index,  v , 

in  (§  (s))  . For  one  and  only  one  J,,  there  is  a negative  entry 

n,m  u,v  ^ V 

in  (c^,  y)y.£_y  under  the  vth  column;  the  corresponding  row  is  the 
value  of  r*  . Hence,  for  each  v 


(in 


J .) 

v;r 


is  that  r' 


^ ^r'  ,v;\);E-W  “ 


(6.14) 


which  is  readily  found  and  even  automated  on  a computer.  Said  another 

way,  V is  a function  (an  integer  function)  of  v and  r'  . To  aid 

in  the  search  for  the  value  of  V (or  junction  J^)  is  found 

from  the  junction-wave  matrix  (t^  y)j_y  (^s  in  (2.21))  by  finding  those 

values  of  v for  which  t.,  . „ is  nonzero;  there  are  at  most  two 

v,v;J-W 

such  values  of  v corresponding  to  the  leaving  one  junction  and 

entering  another  junction,  except  in  the  case  of  a self  tube  where 
both  leaves  and  enters  Che  same  junction.  Considering  the  one  or  two 
possible  the  value  of  v and  r'  are  readily  found  as  in  (6.14) 

or  via  a diagram.  After  going  through  v - 1,2,...,N^  one  can 
construct  a table  in  the  form 


V 

V 

r' 

1 

2 

1 

(6.15) 


Table  of  Correspondence  of  incoming  waves  to 

junctions  J and  tube  ends  J , 

V ^ ; r 

with  the  values  of  v and  r'  filled  in  for  every  v . 

Similarly  for  outgoing  waves  corresponding  to  the  first  index 

u in  (§  (s))  , we  have  a value  of  r given  by 

n,m  u,v  ® ^ 


r (in 


''v;r> 


is  that  r 3 


^r,u;v;E-W  “ 


(6.16) 


) 
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Hence,  u Is  a function  of  v and  r . Again  utilizing  the  junction- 

wave  matrix  (t  u and  finding  the  values  of  t . t u which  are 

v,j  j— w v,u5J— w 

nonzero,  one  reduces  the  consideration  to  at  most  two  values  of  the 
junction  index  u . The  values  of  v and  r are  then  readily  found 
from  the  tube-end-wave  matrices  as  in  (6-16).  After  going  through 
u ■ l,2,...,Ny  one  can  construct  a table  in  the  form 


Table  of  correspondence  of  outgoing  waves  VJ^  to 

junctions  J,  and  tube  ends  J , 

V V;r 

with  the  values  of  v and  r filled  in  for  every  u. 

Hence,  with  each  pair  (u,v)  we  associate  the  pair 
(J  , J ,)  . Now  we  have 

= V for  scattering  into  at  junction 

^ V2  for  not  scattering  into  (no 

interconnection)  at  any 

(6.18) 

Then  we  form  the  network  elementary  scattering  matrices  as 


^^®n,m^®^^r,r’;v 


™<s))  „ 

n,m  u,v 


n,m 


(0  ) 

n,m  u,v 


for  V = v_  “ V or  W 

12  V 

scattering  into  at 

for  V,  or  W 


not  scattering  into  W 


(6.19) 

This  gives  an  explicit  algorithm  for  constructing  the  (S  (s))  from 

n,m  u,v 

the  collection  of  junction  scattering  supermatrices  m^®^^r  r’^v  * 
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The  reader  will  also  note  the  correspondence  of  these  results  with  the 

wave-wave  matrix  (W  ) as  defined  in  (2.24)  as 

u,  V 


W 


u,v 


^1  for  scattering  into 

W at  J,, 
u V 

0 for  ^ Vj  scattering 

into  W 
V.  u 


(6.20) 


The  wave-wave  matrix  then  Indicates  which  (u,v)  pairs  must  be 
considered  for  finding  nonidentically  zero  scattering  matrices, 
thereby  simplifying  the  search  among  the  elementary  matrices  comprising 
the  junction  scattering  supermatrices. 


C.  Scattering  Supermatrix 

The  proper  ordering  of  all  the  junction  scattering  matrices 

into  one  large  matrix  forms  the  system  (or  network)  scattering  super- 

matrix  ((S  (s))  ) . This  supermatrix  is  a collection  of  the 

n,m  u,v 

junction  scattering  matrices,  which  themselves  are  collections  of 
individual  tube  scattering  matrices.  The  latter  are  matrices  con- 
taining reflection  and  transmission  coefficients  of  individual 

wires  within  the  tubes.  Thus,  ((§  (s))  ) is  a dimatrix  (or 

n,m  u,v 

tensor  of  rank  four) . 

The  wave-wave  matrix  (W  ) gives  the  structure  of  the 
scattering  supermatrix  since  the  scattering  supermatrix  is  In  general 
block  sparse  as 


(S  (s)) 

n,m  u,v 


(0  ) 

n,m  u,v 


for 


W - 0 
u,v 


(6.21) 


Hence,  also,  the  scattering  supermatrix  is  terms  of  the 

u,v  indices,  i.e., 


u,v  * 1,2,..., 


(6.22) 
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The  elementary  scattering  matrices 


n,m  u,v 


are 


N ’<N 

u V 


l.e. , 


n - 1,2, 


.N 


u 


(&.23) 


m - 1,2, 


.N 


V 


where 


- number  of  conductors  (not  Including  reference)  on  the 

tube  with  uth  wave  (0.24) 


and  likewise  for  . 

As  a special  case.  It  Is  Interesting  to  note  that  If  there  are 
no  self  tubes  (with  both  ends  connected  to  the  same  junction),  then 


W *0  for  u ■ 1,2,...N,,  for  no  self  tubes 
u,u  W 


(§ 


(a) ) 
n,m  u,u 


(0  ) 
n,m  u,u 


for  n,m 


1,2, .. . ,N^  (square) 


(0.25) 


In  this  case  the  scattering  supermatrlx  has  zero  matrices  for  its 
diagonal  blocks;  this  will  complement  the  identity  supermatrlx  which 
has,  as  Its  only  nonzero  elementary  matrices,  the  diagonal  blocks 
which  are  Identity  matrices  (as  discussed  In  Section  V).  This  case 
Is  anticipated  to  be  quite  common  In  practice. 
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VII.  DEFINITIONS  OF  SOME  IMPORTANT  SUPERMATRIX  /\ND  SUPERVECTOR 
QUANTITIES  BASED  ON  RESULTS  FOR  WAVES  ON  A TUBE 

This  section  takes  the  result.s  fur  the  combined  voltages  on  a 
tube  and  separates  them  into  the  wave  variables  for  the  network.  The 
resulting  equation  for  a general  combined  voltage  wave  W^  is  used  to 
relate  the  combined  voltages  at  both  ends  of  the  tube  with  the  sources 
along  the  tube.  Each  term  is  generalized  to  a form  appropriate  to 
the  transmission-line  network,  i.e.,  supermatrices  and  supervectors, 
by  aggregating  the  results  for  all  for  u ■ l,2,...,Ny  . 

A.  Common  Equation  for  the  Two  Waves  on  a Tube 

Let  us  take  the  results  for  the  propagation  on  a single  tube 
developed  in  subsection  IIIC  from  (3.5*))  and  (3.(i0>  as 


Then,  as  discussed  In  subsection  IIID,  let  us  identify  the  two  waves  on 
the  tube  with  two  waves  of  the  transmission-line  network,  sav  W 

u 

and  W^  . 

Consider  the  wave;  call  this  W and  set  the  coordinate 

u 

and  dimension  variables  as 
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= L = length  of  path  for 


z = z = wave  coordinate  for  W 
u u 


0 < z i L 
u u 


= N = number  of  conductors  (less  reference)  on  tube 
and  dimension  of  vectors  for  W 


(7.2) 


The  wave  and  source  conventions  are  then 


n«m 

= combined  voltage  for 


= combined  voltage  source  per  unit  length  for  U 


(I  (s))  = (^  (s))  = characteristic  impedance  matrix  for  W 

c u c u u 

n,m  n,m 


(9  (s))..  - (Y  (s))  = propagation  matrix  for  W,, 

cue  r r o y 

n,m  n,m 

Note  that  for  W the  current  (1  (z  ,s))  convention  is  taken  as 
u n u 

positive  in  the  direction  of  increasing  z (as  in  fig.  2.5).  Likewise, 

(g) 

the  voltage  source  per  unit  length  ('7^  (z^,s))  (including  any 

discrete  voltage  sources)  is  taken  as  positive  increasing  in  the 

direction  of  increasing  z^  . The  first  of  (7.1)  then  takes  the  form 

for  W as 
u 


(7.3) 


n,m 


t 

+ f exp{-(Y^  *“0 

Jq  n.m 


(7. A) 
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Next  consider  the  - wsve;  cell  this  W and  set  the  coordinate 

V 

dlaenslon  variables  as 


= L = length  of  path  for 


z = L - z = wsve  coordinate  for  U 

V V 


0 < z < L 

V V 


= N = number  of  conductors  (less  reference)  on  Cube  and 
and  dimension  of  vectors  for  W 


(7.5) 


The  wave  and  source  conventions  are  then 


n,m 

= combined  voltage  for 

= -(^^®^'(Z,S))_  - (^<"^’(z^.s))  (2^  (s))^-(i;[®^’(z^,s)) 

n,m 

= combined  voltage  source  per  unit  length  for 

(2  (s))  = (?  (s))  ^ = characteristic  Impedance  matrix  for  W 

C V C V V 


(Yg  = (Yg  (s))  = propagation  matrix  for  W 

n,m  n,m 


(7.6) 


Now  for  the  current  (1^  (z^.a))  convention  Is  taken  as  positive 

In  Che  direction  of  Increasing  z^  and,  hence,  of  decreasing  z 
(opposite  CO  chat  for  ^^)•  Similarly,  the  voltage  source  per  unit 
length  Is  taken  as  positive  In  the  direction  of  Increasing  z^  which 
la  the  direction  of  decreasing  z . This  is  so  that  for  M the 
conventions  are  defined  with  respect  to  z^  In  the  same  manner  as  for 

they  have  been  defined  with  respect  to-  z^  . The  second  of  (7.1)  then 
Cakes  the  form  for  W as 

V 
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B.  Relation  of  Combined-Voltage  Waves  on  Both  Ends  of  a Tube 

Now  In  (7.4)  (or  equivalently,  (7.7))  we  have  the  combined  voltage 
at  any  in  terms  of  the  value  (boundary  condition)  at  » 0 . 

Setting  z^  ■ we  Introduce  the  boundary  value  there  as  giving 


(t^n<Lu.s))u  - exp{-(Y^  (s))^  L^}- (\?^(0.s))^ 

n,m 


+ J exp{-(Y^  <^u'®^^u  ‘^^u 

n n.m 


(7,10) 


This  evidently  relates  which  is  an  outgoing  wave  from  the 

junction  at  z^  ■ 0 , to  (\7^(L^,s))  which  is  an  incoming  wave  to  the 
Junction  at  z^  - . This  is  used  later  with  the  scattering  super- 

matrix to  form  the  BLT  equation  for  the  transmission-line  network. 

As  a matter  of  convention,  let  all  sources  be  considered  as  being 
present  in  the  tubes  instead  of  the  junctions.  If  one  has  a junction 
with  an  equivalent  circuit  containing  sources,  as  for  example  in  fig.  2.4, 
then  the  sources  can  be  moved  just  across  Che  terminals  into  the  tube, 
a movement  of  zero  distance.  Note  then  that  the  boundary  values 
(^n<0*s»u  ^^n^^u*®^^u  are  combined  voltages  on  Che  junction 

"side"  of  the  connections  to  the  junction.  Given  this  convention  again, 
note  Che  different  conventions  for  sources  for  Che  two  different  waves 
on  a tube,  as  discussed  above. 


C.  Propagation  Characteristic  Supermatrix 

Considering  the  various  terms  in  (7.10),  let  us  first  aggregate 
all  the  propagation  terms  not  associated  with  Che  sources  into  a block 
diagonal  propagation  supermatrix  as 


v> 

ngin  UyV 


= exp{-(Y  (s))j^Lj^}0exp{-(Y  (s))2L]  0. 


‘Ti.m 


"n,m 


= Q exp{-(Y^ 
u*l  n,m 


.©.xp{-(y  <s»M  V,> 
n,m  W W 


(7.11) 


= propagation  supermatrix 
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where  the  elementary  matrices  (blocks)  are  given  by 


f exp{-(Y  (s))  L 

(r  (s))  • i n,m 

n.m  u.v  ] (0  ) 

^ n.m 


} for  u ■ V 
for  u V 


1 exp{-(Y  (s))  L } 
u.v  c u u 

n.m 


(7.12) 


D.  Source  Supervector  and  Supermatrix  Integral  Operator 

Again  from  (7.10)  let  us  define  a source  vector  for  in 

traveling  from  z ■ 0 to  z ■ L as 
® u u u 

L 

-0 

The  source  supervector  Is  then  merely 

\ n."  / 


(7.13) 


(7.14) 


Once  can  factor  the  above  result  by  the  use  of  a supermatrix  Integral 
operator.  Define  the  elementary  matrix  blocks  of  this  operator  as 


. L 

f 


exp{-(Y  (s))  [L  -z'])(*)  dz'  for  u • v 
c u u u u 

n.m 


(0  ) 

k n.m' 


for  u V 


L 

" ^u.v  / ^^'u 


(7.15) 
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wh«r«  ch«  arguoent  (*}  Indicates  the  place  to  put  the  expression 
following  the  operator  in  order  to  perform  the  operation.  This  is 
defined  so  that 


- 1 

u,v  n "v 


L 

*6 


(7.16) 


with  the  multiplication  which  Is  part  of  the  operation  taken  In  the  dot 
product  sense.  We  can  then  readily  form 


•'W 


=0 


u.v 


U«1 

N„  L 
_w  ^ u 


=0  r exp{-(Y  (s))  [L^-Z^IXO  dz; 

^1  -t 


= propagation  supermatrix  Integral  operator 

(s) ' 

(z^,s))u)  = distributed  source  supervector  (7.17) 

Note  that  the  propagation  supermatrix  Integral  operator  in  (7.17)  is  a 
generalization  of  the  propagation  supermatrix  In  (7.11)  to  allow  for 
continuous  combined  voltage  sources  along  the  wave  coordinates  Instead 
of  just  the  boundary  conditions  (equivalent  sources)  at  the  set  of 
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VIII.  BLT  EQUATION 

Combining  the  results  of  the  previous  derivations  we  can  write 
the  BLT  equation  for  the  description  of  the  transmission-line  network. 
We  begin  with  the  scattering  supermatrix  in  Section  VI  which  relates 
the  incoming  waves  to  the  outgoing  waves  as 


(8.1) 


using  the  combined  voltage  supervectors  from  subsection  VII  E.  Note 

the  distinction  between  incoming  waves  (z^  ■ L^)  and  outgoing  waves 

(z  ■ 0)  at  the  set  of  junctions  or  tube  ends, 
u 

Next,  relate  the  incoming  waves  at  the  output  ends  of  the  tubes 
■ Ly)  to  the  same  waves  at  the  input  end  of  the  same  tubes 
(z^  ■ L^)  , albeit  at  different  junctions  in  general.  Taking  (7.10) 
in  supermatrix  form,  we  have 


((V  (L  ,s))  ) 
n u’  u 


t(s), 


* “’a  ‘*»a> 


■ «''a..'»)u>'<‘''a«>'»»a'  * = ' <• » >u,.>  ’ “'a 

(8,2) 

Combining  (8.1)  and  (8.2)  we  have 


■ <«a..“»a.»>"‘fa..<*»u.v>‘‘W„(0,3))„)  t ((S„,„(a))„_„) : ((^^“> (3))„) 


(8.3) 


That  is  rearranged  by  use  of  the  supermatrix  identity  as 
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This  is  one  form  of  the  BLT  equation  with  the  unknowns  taken  as  the 
combined  voltage  waves  leaving  the  junctions.  Note  again  that  all  sources 
are  given  a convention  as  being  on  the  tubes  in  the  wave  coordinates 
0 i 2^  i so  that  they  are  picked  up  in  the  integration  along  the 
wave  coordinates  and  are  not  included  in  the  combined  voltages  at  the 
junctions  which  are  being  computed. 

For  computational  purposes  the  BLT  equation  is  one  large  matrix 
equation  with  square  matrices  of  size  N^N  and  vectors  of  dimension 
N where 


Noting,  however,  the  sparse  nature  of  these  matrices  with  blocks  of 
zeros,  one  may  be  able  to  take  advantage  of  the  partitioning  used  to 
construct  the  supermatrices  to  simplify  computations. 
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IX.  RECONSTRUCTION  OF  VOLTAGES  AND  CURRENTS 

Having  solved  the  BLT  equation  as  in  (8.4)  in  some  form  or  other, 
we  have  a set  of  combined  voltages  such  as  the  outgoing  combined 
voltages  ((9^(0,s))^)  at  the  junctions.  From  these  one  can  find 
voltages  and  currents  essentially  everywhere,  including  at  the  junction 
terminals  (cube  ends)  and  at  arbitrary  positions  on  the  tubes. 

Consider  the  important  case  of  voltages  and  currents  at  the 
cube  ends  (junctions).  Let  the  two  waves  on  a particular  tube  be 
W and  W as  in  subsection  VIIA.  Using  the  conventions  established 
there  we  have 

N ■ N ■ N = dimension  of  vectors 
u V 

L ■ L "Li  length 
u V “ 

z + z • L = relation  between  two  wave  coordinates 
u V 

Z"Z  "L-z  = tube  coordinate  (9.1) 

u V 

Then  we  have  at  z*0 

(9„(0.s))  - I ((9„(0.s))^  + (C^(L^.s))J 

(l„(0,s))  - i (?^  (s))*I(tF^(0,s))^  - (^^(L^,s))J  (9.2) 

n.m 

with  the  uu.T^nt  positive  in  the  +z  direction  or  out  of  the 
junction  at  z«0  . At  the  other  end  with  Z"L  we  have 

<'«<'•••»  • T 

(i^a,.))-A(?  (s)).i(5  a 1 (9.3) 

'^n.m 

with  current  positive  in  Che  4-z  direction  or  into  the  junction  at 
z>L  . For  substitution  into  the  above  equations,  one  uses 
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(L  .s)) 

■ (f  (s)) 

(^  (O.s 

)). 

/ •< 

+ 

_(z' .s; 

(•)))  • 

(z* 

.s)  ) 

n 

u u 

n.m  u.u 

n 

u 

n 

,m  u 

u.u 

n 

u 

u 

(L  ,s))„ 

« (f  „(s)) 

(^  (O.s 

)) 

/■< 

+ 

(z’ f s ; 

(•))) 

(v(^>’ 

(z’ 

,s)) 

n 

V V 

n.m  v.v 

n 

V 

,m  V 

v.v 

n 

V 

V 

(9.4) 

so 

that  W 

has  2 « L 

related 

CO 

2 ■ 

0 and 

W has 

2 ■ 

L 

u u u u V V V 

related  to  ■ 0 . In  this  form  the  current  and  voltage  vectors  at 


the  tube  ends  can  be  computed  from  the  combined  voltage  vectors  leaving 

the  Junctions  (i.e.,  ((^  (0,s))  ) from  the  BLT  equation  (8.4)  and  the 

n u 

combined  sources  along  the  tube  via  (9,4)  for  the  two  waves  on  the  tube 
For  more  general  positions  along  the  tube  of  Interest  we  have 


''r.s)) 

n 


(\^  (z  ,s))  ] 
n V V 


(1^(2, S)) 


(S))*[(,?  (Z  ,s) 
c n u u 

n,m 


(9.5) 


with  current  positive  in  the  +2  direction  which  is  equivalent  to  the 
+z^  direction  and  to  the  -z^  direction.  For  substituting  iur. ' (9..)), 
one  uses  (7.4)  and  (7.7)  repeated  here  as 


(V  (2  ,s))  ” exp{-(,i  (s3)  z ;*(V^  '^,s)) 

nuu  c uun  u 

n,m 


z^ 

+ / exp{-(Y^  (s))  [z  -z’]}*(i^^®^  (z',s))  dz' 

/ c uuu  n u uu 

. ^ n.m 


(9.6) 


(i7n(Zy.s))^  - exp{-(v^  (s))^  z^)- (V^(O.s))^ 

n.m 


z 

+ J exp{-(Y^  (s))^[z^-z;i}-(\;^^^'(z;.s))^  dz; 

■h  n.® 


In  this  form  the  combined  voltage  supervectors  ((^  (0,s))^)  leaving 

the  junctions  as  computed  from  the  BLT  equation  (8.4)  and  the  combined 

sources  (((7  (z’,s))  ) along  the  tubes  (or  waves)  can  be  used  to 

n u 

compute  the  cutibined  voltages  and  thereby  the  voltages  and  currents  at 
'r y tvfcliicn  z ■ z^  ■ along  any  tube  of  interest. 
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X.  SOME  FORMS  OF  SOLUTIONS  OF  BLT  EQUATIONS 

Having  formulated  the  BLT  equation  (8.4),  one  can  represent  Its 
solution  in  various  ways.  The  reader  should  note  that  the  particular 
form  in  (8.4)  is  only  one  of  many  forms  the  BLT  equation  can  take;  in 
this  case  the  unknowns  are  the  combined  voltages  scattered  from  (outward 
propagation  from)  the  junctions. 

Since  the  BLT  equation  has  been  cast  in  the  form  of  a supermatrix 
equation,  the  solution  can  be  written  directly  as 


<(»„(0.s))^) 


[((1  ) ) - ((S  (s))  ):(<r  (s))  ) 

n,m  u,v  n,m  u,v  n,m  u,v 


-1 


u.v 


u u 


(10.1) 


For  each  complex  frequency  s this  solution  can  be  directly  computed 
via  integration  (for  the  distributed  sources),  supermatrix  multiplication, 
and  supermatrix  inversion,  typically  by  computer.  However,  this  approach 
may  have  limited  utility  for  some  kinds  of  problems  due  to  a desire  for 
the  transient  behavior  and/or  the  characterization  of  the  solution 
(such  as  bounding  it)  for  a large  class  of  excitations  ' 

Considerable  work  has  been  done  in  representing  the  solution  of 
electromagnetic  scattering  problems,  as  formulated  in  integral  equations, 
in  terms  of  the  eigenmode  expansion  method  (EEM)  and  the  singularity 
expansion  method  (SEM).  The  literature  on  SEM  and  EEM  is  quite  extensive 
and  the  reader  can  consult  two  review  book  chapters  [10.1,2]  concerning 
this  subject  and  obtain  a bibliography.  While  the  SEM  and  EEM  concepts 
have  been  cast  in  terms  of  electromagentlc  integral  equations,  there  is 
a direct  connection  to  matrix  equations  because  of  the  moment  method  (MoM) 
which  is  used  to  matrlclze  the  Integral  equations,  i.e.,  put  the  integral 
equations  in  a form  for  numerical  evaluation  as  on  a computer  [10.3]. 

In  fact,  some  of  the  original  developments  in  SEM  and  EQl  theory  and 
application  used  matrix  concepts  to  arrive-  at  the  needed  ideas  and 
techniques  [10.4-6].  Hence,  SEM  and  EEM  are  directly  applicable  to  the 
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BLT  equation,  as  in  (8.4)  or  in  other  related  forms  of  it.  A few  of 
the  results  are  presented  here  to  indicate  the  forms  of  some  of  the 
basic  results  as  applicable  to  the  supermatrix  BLT  equation. 

In  EEM  form  one  defines  eigenmode  supervectors  and  eigenvalues 

via 


13  - 1,2,. ...N 


(10.2) 


where  for  distinct  eigenvalues  we  have  the  blorthogonal  property 


((L  (s))  )„:((V„(s)),  ).,  - 0 for  8 »»  8*  (10.3) 

n u D n u D 

This  result  also  applies  in  the  weaker  case  of  independent  eigensupervectors. 
From  (8.5)  we  have  N eigenvalues  and  assume  the  existence  of  N inde- 
pendent eigensupervectors  (of  both  left  and  right  kinds  separately).  The 
right  eigenmodes  are  used  to  expand  (^^(0,s))  which  gives  the  outgoing 
waves  at  the  junctions.  The  left  eigenmodes  appear  to  be  related  to  the 
incoming  waves  at  the  junctions,  and  this  aspect  will  hopefully  be  con- 
sidered in  a future  note. 

Defining  normalized  eigensupervectors  as 


-'s 


((Vn(s)),).  5 [((t  (s)),  ).:((^„(s))  )J  ^ ((^„(s))„)o 
n up  n UP  n uP  n uP 


n up  n up  n uP  n uP 


(10.4) 


we  have  the  biorthonormal  property 


- '8,0- 


(10.5) 


This  allows  us  to  write  the  expansion 
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n,m  u,v  n,m  u,v  n.m  u,v 


- y X (s)  ((v„(s))_  ).  ((J  (s))  ). 

13  n u u n u 6 

S 

which  is  an  example  of  a dyadic  expansion  using  a dyadic  or  outer 
prouuct  of  supervectors.  The  Inverse  is 


J > - ((S  (s))  ):(r 

n,m  u,v  n,m  u,v  n,m'  u,v 


«‘n<»Va 


ar  the  identity  is 


Lmt  n u >!  n u 0 

e 

Combining  (10.6)  with  (10.8)  also  gives 

B 

The  solution  of  the  BLT  equation  (8.4)  can  then  be  written  as  t 
sum  of  eigensupervector  contributions  as 


(10.6) 


(10.9) 
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((Vn(s))^) 
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u,v 


U'  u 


<«n<«»a>6 


(10. 10) 


Note  that  this  solution  expresses  the  outgoing  combined  voltages  at  the 
Junctions  in  terms  of  eigenmodes  at  the  Junctions.  These  eigenmodes  can 
be  extended  throughout  the  tubes  of  the  transmission-line  network  by  the 
techniques  discussed  in  Section  IX;  these  extended  eigenmodes  can  then 
be  used  to  construct  the  confined  voltages  and  voltages  and  currents 
throughout  the  tubes.  However,  these  eigenmodes  are  not  anticipated 
to  be  simply  related  to  the  tube  eigenmodes  (Section  III)  which  mav  be 
more  appropriate  for  extending  the  combined  voltages  at  the  Junctions 
to  the  combined  vcltages,  voltages,  and  currents  throughout  the  network 
tubes . 

Concerning  the  SEM  representation  of  the  solution,  there  is  much 
that  can  be  adapted  from  the  work  on  electromagnetic  scattering  and 
antenna  problems.  The  general  form  of  the  solution  of  the  BLT  equation 
in  the  form  expressed  in  (8.4)  is 

((«„(0.,))^)  . Y,  »(»<.)  Soi(s)  «%)„)<. 

a 

+ other  singularity  terms  (10.11) 

where  f(s)  (or  f(t))  is  some  excitation  waveform  which  appears  in  the 

-(s) ' 

combined  sources  which  is  taken  out  so  as  to  give 

some  equivalent  delta-function  response  in  defining  the  coupling  coeffic- 
ients 0^,(8).  For  present  purposes,  we  can  set  f(s)  ■ 1 assuming  that 
the  excitation  has  been  appropriately  normalised.  The  order  of  the  pole 
•'oj  ■ 1,2,...,  but  here  only  the  first  order  is  considered;  second 
order  can  be  adapted  from  (10.21. 

The  natural  mode  supervectors  are  found  from 
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J J‘(KKK  " 

Alin  u»v  n^n  oi  a»v  n»iB  d u»v  n u ot  n u 

(10.12) 

»>..  u>  " ^ 

n u 01  n«iD  u,v  n,ni  oi  u,v  n,ni  a UtV  n u 

where  the  left  mode  supervectors  are  also  referred  to  as  the  coupling 
supervectors.  The  natural  frequencies  are  found  as  Che  solutions  of 

<10-13) 

Ayfli  UyV  n^ni  ot  UgV  Afio  oi  UfV  n u 


These  can  be  related  to  the  eigenvalues  via 


D(s,X)  - det[(l-X)((l  ) ) - ((S^  (s))  ):((r  (s))  )1 

n«m  u,v  n^m  u,v  n,m  u,v 


for  which  we  have 


D(s,Xg(s))  - 0 
D(s^.O)  - 0 
from  which  we  set 


a - (3,6') 


such  chat 


^0<®8,3'^ 


0 


(10.14) 


(10.15) 


(10.16) 


(10.17) 


associates  the  natural  frequencies  with  the  zeros  of  eigenvalues.  The 
natural  modes  are  similarly  related  to  the  elgenmodes  as 


^^Vu^B,6’  “ ”6,3'^^''n^®3,3'^^u^6 


^^Vu^0,3'  * “6,6'^^^n^"e,6'^^u^8 


(10.18) 


where  and  Mg  g,  are  complex  constants  related  to  the  normalization 

chosen  for  the  natural  modes. 
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The  class  1 coupling  coefficients  are  given  by 


L s ^ a * * 


n u 0,0  u 


(10.19) 


where  the  tum-on  time  t can  be  taken  as  a function  of  position  (n  and 

o 

u indices)  in  the  network.  With  this  class  1 coupling  coefficient,  the 
time-domain  form  of  (10.11)  is 


+ Other  singularity  terms 


(10.20) 


The  class  2 coupling  coefficients  (corresponding  to  the  SEM 
representation  of  the  inverse  matrix  in  (10.1))  are  given  by 

n^(s) 

■ - - _ . . 

m>  „(s))  ):((?  (s))  ))]  :((V  ) ) 

n u a d n,m  u,v  n,m  u,v  n,m  u,v  r u a 


X^Cs), 


-(s-8„  -,)to 

5,(Se^e,)V:((A(r;,s;(.)))^^^) 


;((()<«>’ (z^,s))) 


(10.21) 
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wh«r«  the  turn-on  tlae  t can  be  taken  as  a function  of  two  sets  of 

o 

position  variables  (n  and  u)  In  the  network  corresponding  to  both 
the  suasution  with  the  left  node  supervectors  and  the  position  of 
observation.  In  tine  douin  the  class  2 coupling  coefficients  give 
nore  conpllcated  results  than  (10.20)  for  class  1 due  to  the  appearance 
of  a tins  convolution. 

Lika  the  elgennodes,  the  natural  nodes  can  be  extended  throughout 

the  transnlss ion-line  network  and  nade  a function  of  the  z coordinates. 

u 

These  can  then  be  used  for  representing  voltage  and  current  supervectors 
throughout  the  tubes  in  the  nework. 

This  section  has  nerely  indicated  some  of  the  properties  of  BLT 
equations,  particularly  due  to  their  formal  sinilarity  to  electromagnetic 
integral  equations.  This  analogy  should  provide  much  insight  and 
future  results. 
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XI.  CONCLUSION 

This  has  been  a long  quest.  While  we  have  found  a few  things  of 
apparent  significance,  the  quest  is  not  finished.  As  with  many  results 
the  answers  raise  as  many,  if  not  more,  questions.  There  are  several 
general  areas  for  future  development  that  come  to  mind. 

The  BLT  equation  (including  its  alternate  forms)  expresses  the 
characteristics  of  a multiconductor  transmission-line  network  in  a 
single  supermatrix  equation.  In  this  form  various  properties  of  the 
network  can  be  explored.  Various  properties  related  to  energy  and 
reciprocity  can  be  formulated.  In  this  regard,  the  symmetry  properties 
of  the  various  impedance  and  admittance  matrices  in  the  network  need 
to  be  explored.  This  appears  to  have  some  relation  to  the  diagonaliza- 
blllty  properties  of  the  propagation  matrices. 

A development  parallel  to  transmission-line  network  topology  is 
scatterer  topology.  In  scatterer  topology  a hierarchical  topology 
related  to  shielding  concepts  has  been  introduced.  Perhaps  this  hier- 
archical topology  can  be  introduced  into  some  kinds  of  transmission-line 
networks  to  simplify  their  analysis  and/or  synthesis.  Turning  the 
question  around,  perhaps  the  transmission-line  network  topology  and  the 
BLT  equation  can  aid  in  developing  new  insights  into  scatterer  topology 
and  the  associated  equations  describing  the  electromagnetic  scattering. 
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EPILOGUE 


"Then  he  subdued  the  Pisldlans  who  made  head  against  him,  and  conquered 
the  Phrygians,  at  whose  chief  city,  Gordium,  which  is  said  to  be  the 
seat  of  the  ancient  Midas,  he  saw  the  famous  chariot  fastened  with 
cords  made  ol  the  rind  of  the  cornel-tree,  which  whosoever  should  untie, 
the  inhabitants  had  a tradition,  that  for  him  was  reserved  the  empire 
of  the  world.  Most  authors  tell  the  story  that  Alexander  finding  himself 
unable  to  untie  the  knot,  the  ends  of  which  were  secretly  twisted  round 
and  folded  up  within  it,  cut  it  asunder  with  his  sword.  But  Aristobulus 
tells  us  it  was  easy  for  him  to  undo  it,  by  only  pulling  the  pin  out  of 
the  pole,  to  which  the  yoke  was  tied,  and  afterwards  drawing  off  the 
yoke  itself  from  below." 


From  The  Lives  of  the  Noble  Grecians  and  Romans,  by 
Plutarch,  translated  by  John  Dry den,  revised  by 
Arthur  Hugh  Clough,  Modern  Library,  Random  House, 
reprint  of  Clough  edition  (1864),  from  the  section 
on  Alexander  the  Great. 

^U.S.  Qowrnmcnt  Printing  1979  678*496/301 
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FIELD  EXCITATION  OF 
la’LTICONDUCTOR  TRANSMISSION  LINES 


ABSTRACT 

This  note  discusses  the  excitation  of  a multiconductor  transmission 
line  bv  an  incident  electromagnetic  field.  Specific  relations  in  terms 
of  f ield- induced  voltage  and  current  sources  which  are  distributed  along 
the  transmission  line.  It  is  shown  how  these  sources  are  derived  from  a 
knowledge  of  the  incident  (or  free  space)  fields  by  using  a field  coupling 
parameter.  The  components  of  the  exciting  fields  along  the  line  are  then 
given  explicitly  for  the  special  case  of  an  incident  plane  wave  with  arbi- 
trary angle  of  incidence. 
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SECTION  I 
INTRODUCTION 

Recently  there  has  been  a renewed  interest  in  transmission-line 
theory  and  its  application  to  the  internal  interaction  problems 
involving  electromagnetic  pulse  (EMP)  excitation  of  aerospace  systems. 

One  new  development  in  this  area  has  been  the  formulation  of  an 
analysis  procedure  to  study  large  interconnected  networks  of  multi - 
conductor  transmission  lines.  This  analysis,  which  is  described  in 
refs.  (1)  and  (2),  and  the  resulting  computer  program  (ref.  3),  will 
permit  not  only  simple  branching  of  transmission  lines  within  the 
network,  but  also  complicated  looping  of  lines.  Thus,  an  arbitrarily 
interconnected  set  of  transmission  lines  can  be  analyzed  using  this 
approach. 

The  analysis  of  the  transmission- line  networks  described  in 
refs.  (1)  and  (2)  is  based  on  the  network  excitation  being  due  to 
lumped  (or  discrete)  voltage  and  current  sources  located  at  a source 
position  somewhere  along  each  transmission- line  section  (tube).  While 
this  specification  of  sources  may  be  useful  for  certain  applications, 
it  is  not  particularly  useful  for  EMP  studies,  where  the  transmission- 
line network  is  excited  by  an  incident,  transient  electromagnetic 
field.  In  the  EMP  case,  not  only  is  the  transmission- line  excitation 
distributed  along  the  line,  but  the  fundamental  excitation  quantities 
are  the  incident  electric  and  magnetic  fields  (Z  and  ¥),  not  the 
current  and  voltage  sources.  Thus,  it  is  necessary  to  modify  the  past 
analysis  to  permit  distributed  field  excitation  of  the  transmission  lines. 

Field  excitation  of  simple  open  two-wire  lines  has  been 
considered  by  a number  of  authors  and  two  separate,  but  equivalent, 
approaches  used.  Taylor,  Satterwhite  and  Harrison  (ref.  4)  and 
Smith  (ref.  5)  derive  a coupling  model  based  on  the  incident  tangen- 
tial electric  fields  on  both  wires  of  the  transmission  line  and  on 
the  short  wires  of  the  loads  at  the  ends  of  the  ine.  This  approach 
is  based  on  the  integral  form  of  Maxwell's  equations  as  applied  to 
the  closed  loop  formed  by  the  two  parallel  wires  of  the  transmission 
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line  and  the  two  loads  at  the  ends.  In  this  formulation,  there 
appear  distributed  voltage  sources  in  both  wires  of  the  transmission 
line,  as  well  as  voltage  sources  at  both  loads  terminating  the  line, 

A different  approach  has  been  used  by  Lee  {ref,  6)  to  determine 
the  distributed  field  excitation.  This  is  based  on  the  differential 
forms  of  Maxwell's  equations  and  yields  distributed  current  and 
voltage  sources  along  the  line,  with  the  voltage  source  being  propor- 
tional to  the  H field  and  the  current  source  being  related  to  the  E field. 

Both  of  these  formulations  yield  identical  results  for  computing 
the  TEM  currents  flowing  on  a two-wire  line  excited  by  an  incident 
field.  The  former  approach  has  been  extended  to  the  case  of  multi- 
conductor transmission  lines  by  Paul  (ref.  7)  and  Frankel  (ref.  8), 
and  is  similar  to  that  discussed  in  this  report.  A slightly  different 
approach  has  been  employed  by  Kajfez  and  Wilton  in  ref.  (9),  where  the 
concepts  of  reciprocity  have  been  used  to  obtain  the  multi  conductor 
transmission-line  response  to  a small  aperture  excitation  of  the  line. 

The  method  of  refs.  (4)  and  (5)  has  been  applied  to  multi  conductor 
systems  by  Strawe  (ref.  10),  but  his  report  is  not  widely  distributed. 

The  present  report  discusses  in  detail  the  excitation  of 
multi  conductor  transmission  lines  by  an  incident  electromagnetic 
field  using  the  differential  formulation.  Section  II  presents  the 
derivation  of  the  equations  describing  the  terminal,  or  load,  current 
responses  of  a multi  conductor  transmission  line.  These  equations  have, 
as  sources,  both  distributed  voltage  and  current  generators  which  are 
induced  by  incident  magnetic  and  electric  fields.  Section  III  first 
discusses  the  derivation  of  these  local  sources  in  terms  Oi  the  local 
fields  and  transmission-line  geometry.  The  concept  of  an  "equivalent 
separation"  between  conductors,  as  commonly  used  for  two-wire  lines,  is 
then  developed  for  an  arbitrary  multi  conductor  transmission  line. 

Finally,  in  Section  IV,  the  incident  field  components  which  contribute 
to  the  distributed  sources  are  given  for  an  incident  plane  wave  striking 
the  line  at  an  arbitrary  angle  of  incidence. 
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SECTION  II 

MULT I CONDUCTOR  TRANSMISSION-LINE  RESPONSE  TO  DISTRIBUTED  SOURCES 

As  discussed  In  ref.  (1),  the  response  of  a general  transmission- 
line network  may  be  calculated  by  decomposing  the  currents  on  each 
tube  of  the  transmisison  line  into  forward  and  reverse  propagating 
components.  At  every  junction  within  the  network,  a scattering 
matrix  can  be  derived  to  express  all  scattered  components  of  current 
in  terms  of  the  Incident  components.  These  two  sets  of  relations  can 
be  combined  to  form  a large  matrix  equation  for  the  incident  currents. 
This  equation,  called  the  BLT  equation,  can  be  inverted  numerically 
and  the  incident  currents  determined.  Through  the  scattering  matrices, 
the  scattered  and,  thus,  the  total  currents  on  the  lines,  can  be 
determined. 

A basic  element  of  the  above  network  analysis  is  the  determina- 
tion of  the  propagation  properties  of  the  forward  and  backward  waves 
on  the  line,  as  well  as  their  relative  excitation  by  sources  along  the 
line.  For  the  purpose  of  this  section,  therefore,  we  will  consider 
only  a single  section  (tube)  of  multi  conductor  transmission  line. 

Consider  a lossless  section  of  multi  conductor  transmission  line 

having  no  sources,  as  shown  in  Figure  1.  The  length  of  the  line  is 

denoted  by  I and  it  contains  N wires  with  the  N+1^^  wire  being 

the  reference  conductor.  The  N+1  wires  are  required  to  be  parallel, 

but  not  necessarily  coplanar.  For  such  a line,  its  electrical  properties 

are  determined  by  a capacitive  coefficient  matrix,  (C  „)  , and  an 

inductive  coefficient  matrix,  (L'  ) , which  depend  only  on  line 

n fMi 

geometry  and  dielectric  properties  around  the  line.  For  this  line, 
these  matrices  are  nonsingular  matrices  of  order  N. 

As  discussed  in  ref.  (1),  the  voltages  and  currents  on  this  line 
without  sources  must  obey  a coupled  set  of  partial  differential 
equations  as 
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dz 


(V„{z,s)) 

(In(2.s)) 


- s 


(V„(z.s)) 

(In(2.s)) 


(1) 


where  the  notation  (V^^)  represents  an  N- vector  for  the  line  voltage 
and  a similar  notation  holds  for  the  current.  The  parameter  s is 
the  complex  frequency  variable,  and  the  tilde  represents  a Laplace 
transformed  quantity. 

Equation  (1)  can  be  manipulated  into  two  separate  equations 
for  voltage  and  current  vectors.  The  current  equation  becomes 


3^(i„(z,s)) 


1^2 — (r„(z.s))  - (0„) 


(2) 


which  is  a one-dimensional  wave  equation  for  the  N-vector  current. 

For  a lossless  multi conductor  section  immersed  in  a uniform, 
homogeneous  dielectric,  the  matrix  product  (C^  m^^*'n  m^ 

Equation  (2)  is  diagonal  and  the  individual  elements  of  the  current 
N-vector  are  themselves  a solution  to  a simple  wave  equation: 


3^IJz,s)  2 ^ 

- ^ IJz.s) 


3Z 


where  v is  the  velocity  of  wave  propagation  on  the  line. 

A more  general  line,  however,  does  not  have  a diagonal  result  for 
m)  Kiatrix,  although  it  is  possible  to  diagonalize  it 

n •m 


through  the  use  of  a nonsingular 
by 


(Tn^m^  . which  consists  of  the  current  eigenmodes. 


NxN  transformation  matrix,  denoted 

as 


(4>  ) 


columns.  The  ^^^'s  are  solutions  to  the  eigenvalue  equation 


(3) 
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where 

('>  ) 


is  the  i^^  eigenvalue  corresponding  to  the  eigenmode 
By  introducing  a change  of  variables  as 


(I^iz.s)) 


)(in(z.s)) 


(4) 


where  (ij,(2,s))  represents  the  modal  currents,  the  wave  equation 
for  the  modal  currents  becomes 


3^(i^(z,s)) 


(5) 


9 2 

where  (y  ) is  a diagonal  matrix  containing  the  y<  terms  as 

elements. 

Since  the  matrix  (y„  in  Equation  (5)  is  diagonalized, 
n fin 

the  solution  for  the  modal  currents  can  be  expressed  directly  as 
exponential  functions  of  position,  and  the  total  solution  for  the 
line  currents  becomes 


(Tn,m) 


+ e 


(s: ) 


) 


(6) 


where  (5^)  and  (5")  are  N-vectors  which  define  the  amplitudes  of 
each  of  the  propagating  modes  on  the  line  and  which  depend  on  the  line 
termination  and  excitation.  The  terms  e ^n,m^^  are  diagonal 
matrices  having  as  elements  e^^i^,  where  y^  ■ Wirf  • 

A similar  development  for  the  line  voltage  can  be 

carried  out  to  determine  voltage  modes  and  a propagation  equation  similar  to 
Equation  (6).  By  defining  a characteristic  impedance  matrix  as 


(7) 
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the  line  voltage  N- vector  can  be  expressed  using  the  same  constants 
(5*)  and  (5")  as  In  Equation  (6): 

(V^(z.s))  - (Z(.  )(T 

n,m 

The  unknown  constants  (5^)  and  (ajj)  are  determined  by 
taking  into  account  the  loads  at  each  end  of  the  line,  as  well  as 
the  excitation.  Consider  the  line  shown  In  Figure  2,  which  has 
lumped  voltage  and  current  sources  at  z - 7^  , as  well  as  load  impe- 
dances and  (Z2  ) at  z ■ 0 and  z » t respectively. 

On  the  section  of  the  llnl"'  0 < z $ z^  Equations  (6)  and  (8) 
are  valid,  since  this  section  of  the  line  Is  source  free.  Similarly, 
for  2^  i z ^ I similar  equations  are  valid,  but  with  different 
constants,  (5^^)  . By  relating  (V^(z,s))  to  (ij^(z,s))  at 
z • 0 , and  z « £ through  the  load  Impedance  matrices  and  by 
relating  the  discontinuities  of  (Vj|(z,s))  and  (Ij,(z,s))  to  the 
voltage  and  current  sources  at  z - z^  , a set  of  linear  equations 
can  be  developed  with  the  (5^)  constants  for  each  section  of  line  as 
unknowns. 

Of  special  interest  are  the  load  currents,  i.e.,  (1^(0, s)) 

and  (l^(£,s))  . Using  the  solutions  for  the  (5^)  as  well  as 
Equation  (6)  for  z » 0 and  z ■ £ , the  load  currents  may  be 
expressed  as: 


n,m^ 


(<)  - 
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vjhere  the  terms  (/jIJ(Zg,s))  and  (/Jj(Zj,s))  represent  the  source 

terms  for  the  positive  and  negative  traveling  waves  on  the  multi - 

conductor  line.  Those  are  referred  to  as  combined  current  sources, 

since  they  have  the  dimension  of  current  but  arise  from  both  the 

applied  voltage  and  current  sources  at  z = . In  this  equation, 

the  terms  (fi  ) and  (To  ) are  generalized  current  reflection 
'n,m  ^n,m 

coefficient  matrices  given  by 


(Fi  ) 


[a,  >M2c  )]''-[(Z,  )-(Zc  )] 

^ n,m  n,m  J L n,m  n,m  J 


(10) 


n,m  *-  •n,m  ’n.m  ■*  l n.m  ■n,m 

for  the  load  at  z = 0 , and  similarly  for  (f2^  at  z - l 
with  as  the  load  impedance.  As  defined  previously, 

m^  characteristic  impedance  matrix  of  the  line. 

Notice  that  the  matrix  equation  in  Equation  (9)  has,  as  its 
elements,  matrices.  Thus,  it  is  referred  to  as  a super  matrix  equation. 
The  double  dot  operator  (:)  is  used  to  signify  the  product  between 
two  super  matrices  by  first  treating  the  super  matrices  as  if  they 
were  regular  matrices  and  then  performing  matrix  multiplications  for 
each  of  the  individual  multiplications  of  the  super  matrix  product. 

The  form  of  the  source  terms  in  Equation  (9)  can  be  shown  to  be 


</■;<»» 


' n,m' 


-1 


and 


(/>)) 


.s))j 


rc 

\ n,m 


)-(V^"^(z3,s)) 


(11) 


•e  -(T 


{<V. 


-(vj"^(z5.s)) 


(12) 


With  these  source  terms,  the  terminal  response  of  the  transmission 
line  can  be  determined  for  lumped  voltage  and  current  sources  at 
z ■ Zj  . For  field  excitation  of  the  transmission  line,  it  is 
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necessary  to  consider  distributed  excitation,  as  opposed  to  the 

discrete  excitation  discussed  above.  This  can  be  regarded  as  a 

simple  extension  of  Equations  (11)  and  (12)  by  integrating  over 

the  source  terms  (vi^^)  and  (I^^^).  Doing  this,  the  combined 
n n 

current  sources  become 

£ ^ 

+ (i;^"^5,s))jd^  (13) 

'“n.m 

“ (E.s))j  dE  . (14) 

which  follows  directly  from  superposition.  Notice  that  now  the  voltage 
and  current  sources  are  per-unit-length  quantities,  and  hence  denoted 
by  a prime.  These  quantities  must  be  determined  given  a knowledge  of 
the  incident  electromagnetic  field  on  the  line,  as  well  as  a knowledge 
of  the  transmission  line  cross-sectional  geometry.  This  is  discussed 
in  the  next  section  of  this  report. 


0 ' 
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SECTION  III 

OCTERMINATION  OF  DISTRIBUTED  VOLTAGE  AND  CURRENT  SOURCES 

As  indlcited  In  the  previous  section,  the  terminal  (or  load) 
currents  of  a multi conductor  transmission  line  can  be  evaluated  using 
Equations  (9),  (13)  and  (14)  if  the  distributed  voltage  and  current 
sources  (z,s))  and  are  known  everywhere  along 

the  line.  In  some  instances,  such  as  a small  aperture  or  other 
localized  source  close  to  the  transmission  line,  it  is  possible  to 
approximate  the  solution  using  a discrete  source  position,  as  in 
ref.  (9).  For  an  arbitrarily  incident  plane  wave,  however,  this  is 
not  possible.  Sources  distributed  over  the  entire  line  are  necessary. 

Consider  the  case  of  a single  multi  conductor  cable  in  free  space 
and  with  impedance  terminations  at  each  end,  as  shown  in  Figure  3. 

Assume  that  in  this  bundle  there  are  n+1  wires,  with  the  n+1 
wire  being  the  reference  conductor.  The  electric  and  magnetic  fields 
in  the  vicinity  of  the  line  can  be  divided  into  two  parts.  These 
are  the  Incident  components,.  and  and  the  scattered 

components  P and  H*  , such  that 

f . f ^ |s  (15a) 

t » + H*  (15b) 

The  scattered  field  components  are  caused  entirely  by  the  induced 
currents  and  charges  on  the  n+1  wires,  as  well  as  by  the  currents  on 
the  terminations.  The  scattered  fields  from  the  line  can  be  further 
subdivided  into  three  different  classes.  There  are  TEM,  TE  and  TM 
transmission  line  modes,  which  are  produced  by  "transmission  line" 
currents,  having  the  property  that  the  components  of  the  total  current 
on  each  of  the  conductors  sum  to  zero. 

In  addition  to  these  currents,  tiwre  are  "antenna  mode"  currents. 
These  are  currents  which  flow  on  each  wire  (but  with  a different  magnitude 
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Figure  3.  Isolated  multi conductor  line  excited  by 
Incident  plane  wave. 
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for  each  wire,  in  general)  and  are  subject  to  the  constraint  that  the 
voltage  difference  between  any  two  conductors  in  a transverse  plane 
is  zero.  Furthermore,  these  currents  go  to  zero  at  the  ends  of  the 
line. 

Finally,  there  can  exist  quasi -static  current  and  charge  distri- 
butions which  contribute  to  the  scattered  field  but  have  a net  current 
or  charge  of  zero  on  each  conductor.  Although  these  latter  currents 
and  charges  do  not  play  a role  in  computing  the  transmission- line 
response  directly,  they  are  important  in  determining  the  coupling  of 
electromagnetic  fields  to  the  transmission  line. 

A complete  and  rigorous  solution  for  the  field  induced  currents 
on  the  multi  conductor  line  in  Figure  3 can  be  obtained  by  formulating 
and  solving  a set  of  coupled  integral  equations  for  the  wire  and  load 
currents,  given  a particular  incident  field.  In  many  cases,  however, 
such  a complete  solution  for  the  current  is  not  needed.  For  lines 
which  are  long  compared  with  the  wire  separation,  the  currents  due  to 
TE  and  TM  fields  attenuate  rapidly  from  the  loads  or  other  line 
terminations,  giving  rise,  therefore,  to  a current  distribution  which 
corresponds  primarily  to  the  TEM  currents  plus  the  other  scattering 
currents  mentioned  above.  Moreover,  in  many  cases,  only  the  transmission- 
line current  response  is  desired  since  the  antenna  mode  currents  do 
not  contribute  to  the  load  response  in  the  general  case,  and  if  the 
transmission  line  is  next  to  a reference  ground  plane,  the  antenna 
mode  currents  are  not  excited  at  all.  Under  the  assumption  that  the 
TE  and  TM  currents  are  negligible  and  neglecting  the  effects  of  load 
currents,  the  total  E and  H fields  in  the  vicinity  of  the  transmission 
line  can  be  written  as 

f - ^ |ant  ^ fEM  ^ |st  (16a) 

and 

ff  - (16b) 


346 


■ -vj*'  ■ 


EMP  3-39 


351-15 


where  the  subscript  (inc)  refers  to  the  incident  (or  free  space) 
fields,  (ant)  denotes  the  fields  produced  by  the  antenna  mode  currents, 
(TEM)  stands  for  the  fields  due  to  the  transmission-line  currents, 
and  (st)  is  for  the  portion  of  the  fields  caused  by  the  static 
distribution  of  current  and  charge  on  the  wires,  determined  with  the 
condition  that  the  total  current  and  charge  be  zero  on  each  wire. 

Following  the  approach  used  in  ref.  (11)  for  single-wire  lines 
and  in  ref.  (7)  for  multi  conductor  lines.  Maxwell's  equations  can 
be  used  to  derive  a v-i  relation  for  the  transmission  line  currents. 
Consider  a uniform  section  of  multiconductor  line  shown  in  Figure  4. 

For  a time  dependence  of  e^^  , Maxwell's  equation  may  be  written  as 

7xE  = -s  B (17) 

and  on  a path  C-j  , from  the  reference  conductor  to  wire  1 (where 
d*,^  represents  an  element  of  the  path,  and  n-j  is  the  normal  to  the 
path),  we  can  integrate  Equation  (17)  to  yield  the  following: 


This  result  is  standard,  and  its  derivation  will  not  be  repeated  here. 

Noting  that  the  line  integral  of  the  electric  field  in  Equation 
(18)  is  the  negative  of  the  voltage  between  the  two  conductors,  this 
equation  may  be  written  as 
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As  discussed  by  Paul  in  ref.  (7),  the  term  involving  the  field, 

which  arises  from  all  TEM  currents  on  the  multi  conductor  line  and  is 
a magnetic  flux  per  unit  length,  can  be  computed  in  terms  of  the 
inductance  coefficient  matrix  elements  as 


where  represent  the  currents  on  the  n (non- reference) 

conductors. 

From  our  definition  of  the  "antenna  mode"  currents,  the  voltage 
between  wire  1 and  the  reference  is  zero  for  these  currents,  which 
implies  that  the  antenna  current  flux  term  is  also  zero.  See  ref.  (12). 
Thus,  we  have  the  relation 


(21) 


With  these  substitutions.  Equation  (19)  can  be  written  as 


dV 


dz  * ^^llh  *-12^2 


in^n'  * ' ji 


nine 


(B 


+ B^^)' 


ft  dt  (22) 


This  procedure  may  be  repeated  for  each  of  the  n wires  in  the  bundle, 
and  the  resulting  equations  expressed  in  matrix  form  are 
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The  last  term  in  this  equation  has  dimensions  of  (volts/unit  length) 
and  is  essentially  a distributed  voltage  source  for  the  transmission 
line.  Denoting  this  by  . we  then  have 


/ d (iT™  * di„ 


" /nine  ^ nstx 


where  the  relation  ¥ = has  been  used.  The  differential  equation 
for  voltage  and  current  in  Equation  (23)  then  becomes 

(25) 

A similar  manipulation  can  be  performed  using  the  other 
Maxwell  equation 

7xH  = se  E (26) 

to  obtain  the  second  telegrapher's  equation  containing  sources.  Applying 
this  to  the  contour  in  exactly  the  same  manner  as  in  ref.  (11), 
the  following  relation  may  be  derived. 


C s /i  E-‘ 
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By  Inserting  Equation  (16a)  into  this  last  equation  and  noting  that 
the  antenna  mode  contributions  vanish,  since  by  definition  of  the 
antenna  currents,  » 0 and  J dt  - 0 , this 

equation  can  be  written  as 


(Mine  + i^t  ^ dt  - s e C t-dl  (28) 


or,  as  done  by  Lee  (ref.  11),  expressed  as 


dt  « s ^ 


dt  - s G (E^"^  +i^)*dt  (29) 


-D  .. 

Using  Equation  (20)  and  recognizing  that  L r*dt  is  the  voltage 
-V^  , Eqaution  (29)  becomes 


J.  jI.  /I  • f 
u dz  ^'-iri 


••in^n)  - "S  e V.  - s G (E^"C  + t*).dt 


for  the  first  wire.  This  process  can  be  repeated,  for  each  wire,  and 
the  following  matrix  equation  can  be  developed  for  the  transmission 
line  currents  (1^^)  and  voltages  (V^)  : 


la. 

p '‘■n.m'  dz 


c(V„)  -s 


♦P)*dt 


Rearranging  terms  slightly  yields  the  second  telegrapher's 
equation 
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d{I  ) » - 

-rr^  + s(C*  ).(V' ) * (r 
dz  ' n,m'  ' n'  ' n ' 

where  the  source  term  is  given  by 


Note  that  in  deriving  this  relation,  the  assumption  that 


(32) 


(33) 


(L*  )*(C'  ) 

' n.m'  ' n,m' 


(34) 


has  been  employed,  a result  which  implies  that  the  lines  are  within 
a uniform,  homogeneous  dielectric  medium. 

In  an  inhomogeneous  dielectric  region,  say  for  the  case  of 
each  conductor  having  a separate  dielectric  jacket,  it  is  known  that  • 
true  TEM  modes  cannot  exist.  However,  an  approximate  analysis  can  be 
carried  out  by  assuming  that  Equations  (25)  and  (32)  are  applicable. 

The  validity  of  this  "quasi-TEM"  assumption  lies  in  the  reasonable 
comparison  of  theoretical  and  experimental  results  for  the  multi - 
conductor  system  (ref.  13).  ^ 

It  is  to  be  noted  that  the  basic  telegrapher's  equations  derived 
here  for  the  transmission  line  currents  and  voltages  are  different  in 

form  than  those  developed  by  Paul  (ref.  7).  This  is  due  to  the  fact 

that  Paul  has  integrated  from  the  center  of  one  conductor  to  the  other 

center,  not  from  one  surface  to  another  of  the  thin,  widely  spaced 

conductors  which  he  considers.  For  the  more  general  case  of  fat, 
closely  spaced  wires,  the  total  static  electric  and  magnetic  field  in 
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any  transverse  plane  must  be  used  to  compute  the  equivalent  line 
sources. 

Aside  from  a difference  in  the  definition  of  the  unit  normal 
vector  n , the  major  difference  between  the  formulation  of  Lee  in 
ref.  (11)  and  the  present  analysis  is  the  existence  of  an  additional 
antenna  mode  source  term  in  Lee's  two-wire  analysis.  This  two-wire 
analysis  could  be  extended  to  a multiwire  case,  and  thus  would  imply 
the  existence  of  similar  source  terms  in  the  present  multiconductor 
analysis.  As  discussed  by  Frankel  (ref.  12),  the  apparent  discrepancy 
arises  out  of  different  choices  for  the  "antenna  current"  by  Lee,  which 
thus  has  an  effect  on  the  remaining  transmission-line  current. 

As  stated  earlier,  our  choice  of  the  "antenna  current"  is 
that  current  flowing  in  each  wire  which  produces  a voltage  difference 
of  zero  between  any  conductor  and  another  at  any  transverse  plane  in 
the  line.  This  choice  is  also  used  by  Uchida  (ref.  14),  and  thus  leads 
to  a decoupling  of  the  transmission  line  currents  from  the  antenna 
mode  currents. 

Although  explicit  expressions  for  the  voltage  and  current  sources 
have  been  developed  in  Equations  (24)  and  (33),  it  still  remains 
necessary  to  evaluate  the  scattered  static  fields  and  , 
before  the  source  terms  can  be  used  in  Equations  (13)  and  (14)  to 
determine  the  load  response  of  the  multi  conductor  line.  To  determine 
these  source  terms,  it  is  necessary  to  solve  two  static  boundary  value 
problems.  To  determine  the  current  source  in  Equation  (33),  it  is 
necessary  to  solve  the  two-dimensional  static  problem  illustrated  in 
Figure  5.  An  Incident  (free  space)  electric  field  strikes  a collection 
of  conductors,  on  which  the  net  charges  are  zero.  A static  scattered 
field  is  produced  by  the  local  charges  induced  on  each  wire,  and  the 
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integrals  in  Equation  (33)  are  then  evaluated  along  any  contour  from 
point  a to  b , using  the  total  scattered  field,  E^”^  + P . 

The  solution  to  this  problem  for  the  multi conductor  case  is 
similar  to  the  two-wire  problem  discussed  by  Lee,  but  extended  to 
more  wires.  It  is  solved  by  looking  for  the  solution  to 

= 0 (34) 

exterior  to  the  wires,  with  the  condition  that  <})  = constant  on 
each  of  the  conductors  subject  to  the  constraint  that 


on  each  conductor,  i , and  that  at  infinity,  the  potential  is 

» -r*E^"^  (36) 

Here  (p  represents  the  incident  or  free-space  potential  field  in 
the  absence  of  the  transmission  line.  Once  this  equation  is  solved 
(usually  by  numerical  means)  the  potentials  of  each  wire,  , can  be 
determined,  and  the  integrals  of  Equation  (33)  can  be  determined  directly 


+ P)*d£.  * 


It  is  possible,  however,  to  express  the  integral  in  Equation  (37) 
in  a simpler  form,  using  only  the  incident  field,  , and  a vector 

equivalent  distance,  , in  a manner  similar  to  that  of  ref.  (11). 

Consider  an  auxilliary  problem  which  has  a potential  field  given  by 
and  is  defined  by  the  relations 

vV  -0  (38) 

with  ♦j  ■ constant  (but  unknown)  on  each  of  the  i conductors  of 
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the  multi  conductor  bundle,  and  with 


J “ 0 (39) 

for  all  conductors  except  for  the  i^^  conductor  and  the  reference 
conductor,  where  we  have  the  constraint 


wire  i 


and 


/ 

reference 


3^ 


n±l 


3n 


n+1 


dS 


n+1 


e 


(40) 


(41) 


The  solution  to  this  auxiliary  problem  can  be  used  to  find  the 
field  excitation  of  the  transmission  line  by  usinQ  Green's  identity, 

= 0 lAO\ 


and  applying  Gauss'  theorem  to  give  the  expression 

/ ^ ♦ fr)  / (♦*  f ■ 0 

all  conductors  S ' (43) 

00 

where  is  a closed  surface  at  Infinity.  Using  the  facts  that 
^ and  are  constant  on  the  conductors,  that 

(44) 

for  all  conductors  except  the  i^^  and  the  reference  conductor,  and 
that 

/(♦*  t ■ / (♦”''  ^)<'S  ■ - i J 0-  dS 

s wires  „1res 

4D 
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where 


1 an 


(46) 


is  the  charge  density  on  each  conductor  for  the  auxiliary  problem  and  is 
a known  quantity.  Equation  (43)  can  then  be  expressed  as 


I ^'“i  ■ Vl 


) Ja^  ‘*5^  = - 1 J 0^  dS^  - 1 
\ ^ ^2 


2 dS2  - • 


(47) 


Using  Equation  (40)  and  the  relation  = -E*r  , this  last 

equation  takes  the  form 


) - -E^"^*h^ 


'■"i  "^n+V 

where  the  vector  h^  is  defined  as 


(48) 


j ro|  dSj  r<q  dSg  * ...  f r dS^^^ 

^1 % V] 

J dS^ 


(49) 


With  this  expression.  Equation  (37)  can  be  conveniently  expressed  as 


(Etnc  . iS).aT,  . E*"'=.h, 


(50) 


and  the  N vector  equivalent  current  source  becomes 

■ -4(c;..>-((f’"'-''nin,)  '5’> 

The  vectors  are  referred  to  as  the  "field  coupling  vectors" 
for  the  line,  and  also  as  the  "effective  height"  of  the  conductors. 
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Physically,  they  correspond  to  the  vector  distance  between  the  charge 
centroids  on  the  multi  conductor  system,  given  a total  charge  Q on  the 
i^^  conductor,  -Q  on  the  reference  conductor  and  zero  net  charge 
on  all  others.  Figure  6 illustrates  these  relationships. 

For  the  case  of  thin,  widely  separated  wires,  the  vectors 
h^  are  simply  the  distances  from  the  center  of  the  reference  con- 
ductor to  each  of  the  wires'  centers.  For  more  closely  spaced  wires, 
the  field  coupling  parameters  must  be  calculated,  using  the  integral 
equation  approach  outlined  by  Giri  in  ref.  (15). 

A similar  procedure  can  be  carried  out  for  determining  the 
distributed  voltage  source  in  Equation  (24)  by  solving  a magnetostatic 
problem.  The  details  of  this  are  identical  to  that  described  by  Lee 
(ref.  n),  modified  by  the  presence  of  more  than  just  two  conductors. 
The  results  are  that  the  same  field  coupling  parameters,  h^  , that 
are  used  for  the  electric  field  calculations  may  be  used  for  the 
magnetic  fields.  This  results  in  the  following  equation  for  the 
distributed  voltage  source. 

(v;^"h  = sUq  (52) 

The  preceding  discussion  has  been  for  the  field  excitation  of 
an  isolated  multi conductor  line,  in  which  one  of  the  conductors  in 
the  bundle  serves  as  the  reference.  An  often  encountered  situation, 
however,  is  not  this  configuration,  but  one  with  an  n-wire  bundle 
next  to  a flat,  conducting  ground  plane.  For  this  case,  the  ground 
plane  serves  as  the  reference  conductor,  and  the  antenna  mode  currents 
are  not  excited. 


•N  - . 
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conductor 


Q.  = Q 

1 


reference  conductor  (n+1) 


Vi  = -‘J 


Figure  6.  Cross  section  of  isolated  n+1  wire 

multi conductor  11pg>  showing  field  coupling 
vector  for  the  i^"  conductor. 
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For  this  case,  the  field  coupling  parameters  are  still 
calculated  as  above.  For  example,  as  shown  in  Figure  7,  the 
coupling  parameter  h^  is  calculated  by  placing  a charge  Q on 
wire  i and  no  net  charge  on  the  other  wires.  By  image  theory, 
there  is  an  image  charge  of  -Q  on  the  image  of  wire  i and  the 
resulting  charge  centroids  may  be  computed.  The  coupling  parameter 
vector  is  directed  away  from  the  ground  plane  and  has  a magnitude  equal 
to  the  shortest  distance  from  the  ground  plane  to  the  i^^  wire's 
charge  center. 

In  this  case,  note  that  the  incident  fields  and 

which  are  used  in  Equations  (51)  and  (52)  must  include  the  reflection 
effects  of  the  ground  plane.  Thus,  if  E^”^  and  represent 

the  free  space  fields  in  the  absence  of  the  ground  plane,  the 
exciting  fields  of  the  line  to  be  used  in  the  above  equations  are 


E^  - 2(E^nc.|;j 

(53) 

- 2(l<xn).H'"‘= 

(54) 

where  fi  is  a unit  normal  to  the  plane,  Ic  is  the  direction  of 
propagation  of  the  incident  wave  and  the  subscripts  n and  t 
represent  field  components  normal  to  and  parallel  to  the  ground 
plane,  respectively. 


Wire  i center  of  charge 


round  reference 


Field  coupling  vector  for  Wire  i of  multi  conductor 
line  over  a ground  plane. 


Figure  7 
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SECTION  IV 

EXCITATION  FIELDS  DUE  TO  INCIDENT  PLANE  WAVE 

The  expressions  for  the  distributed  current  and  voltage  sources 
in  Equations  (51)  and  (52)  in  the  previous  section  are  quite  general 
and  depend  only  on  the  local  incident  electric  and  magnetic  fields 
on  the  line.  One  type  of  incident  field  which  is  useful  to  consider 
is  a plane  wave  of  arbitrary  angle  of  incidence. 

Consider  a single  transmission-line  tube  being  illuminated  by 
a plane  electromagnetic  field.  As  shown  in  Figure  8a,  the  tube  is  in 
the  z direction  and  the  k vector  of  the  incident  field  arrives  with 
angles  with  respect  to  the  z axis  and  0^,  which  is  the  incli- 
nation angle  of  the  incident  field.  Two  different  polarizations  of 
the  incident  field  are  possible,  and  are  denoted  as  TE  and  TM, 
respectively.  The  TE  case  occurs  when  the  incident  E field  is 
perpendicular  to  the  plane  of  incidence,  which  is  defined  as  the 
plane  formed  by  the  Ic  vector  and  its  two-dimensional  projection  in 
the  x-y  plane.  The  TM  case,  conversely,  occurs  when  the  E 
field  lies  within  the  plane  of  incidence.  Figure  8b  illustrates 
these  different  polarizations. 

For  both  of  these  polarizations,  the  field  components  at  the 
multi  conductor  tube  can  be  expressed  as  follows: 

TE  Fields 

nine  ^ _^inc  ^inc  , _ginc 

nine  ^ f^inc  ^inc  ^ _ginc 

« 0 Ey”^  » E^"'^  cos  0JJ 
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Figure  8.  Geometry  and  polarization  of  the 
Incident  plane  wave. 
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TE  Fields 


Nine  , 

sin  0 

cos 

z 

0 

0 

-h’"^  sir  e„ 

sin 

X 

cos 

0 

e|"'  . E„  sin  (.„ 
e’"'  . -E„  cos 


As  seen  from  Equations  (51)  and  (52),  the  Important  quantities 
for  determining  the  distributed  sources  are  the  electric  field 
component  parallel  to  the  vectors  h^  , and  the  magnetic  field 
component  perpendicular  to  h.  . Consider  the  geometry  shown  in 

fh  * 

Figure  9.  The  i conductor  is  shown  with  its  coupling  vector  having 
an  angle  6^.  with  respect  to  the  chosen  x axis,  and  a magnitude 
h^  . For  this  case,  the  components  of  the  electric  field  in  the 
direction  parallel  to  h.  are  given  by  the  following  expressions 

fh  * 

for  the  i conductor: 


and 


= Ey’’*'  sin  0^  + E^  cos  0. 
i nc 

“ E (sin  0^  cos  9q  - cos  0^  sin  0^  sin  4)^) 

(TE  polarization) 

» -E^”^  cos  0^  cos  (TM  polarization) 


H ■ -H  cos  0^  + sin  0. 
y IX  1 

* sin  0^  cos  (TE  polarization) 

■ (cos  6^  cos  0Q  + sin  9^  sin  9^^  sin 

(TM  polarization) 


(53a) 

(53b) 

(54a) 

(54b) 


these  field  components,  the  distributed  vector  current 

•mw  sowrces  take  the  form 


^4 
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Figure  9 


Cross  section  of  multiconductor  line  showing 
field  coupling  parameter  and  pertinent 
field  components. 
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(i;'*’)-’ > <=5) 

and  " 

(h^  ) (56) 

n 

and  should  be  used  in  Equations  (13)  and  (14)  to  evaluate  the  line 
response  for  an  incident  plane  wave. 
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SECTION  V 
CONCLUSIONS 

This  report  has  presented  a discussion  of  the  field  excitation 
of  multi  conductor  transmission  lines.  First,  a general  expression 
for  the  current  response  at  the  terminations  ofanN-wire  multicon- 
ductor cable  has  been  developed  in  terms  of  distributed  voltage 
and  current  sources.  In  Section  III  relationships  between  these 
sources  and  the  total  static  electric  and  magnetic  fields  in  the 
vicinity  of  the  transmission  line  are  then  derived.  These  are  then 
related  to  the  free  space  (or  incident)  fields  through  a vector  field 
coupling  parameter  or  equivalent  separation  of  the  lines.  Finally, 
Section  IV  expresses  the  distributed  source  terms  for  the  multi - 
conductor  line  in  terms  of  the  angles  of  incidence  and  polarization 
of  an  incident  plane  wave. 

This  work  expands  upon  the  past  studies  of  field  excitation 
of  two-wire  transmission  lines.  The  field  coupling  parameters  for  a 
multi  conductor  line  are  seen  to  be  determined  from  a series  of  cal- 
culations involving  specifying  a zero  net  charge  on  all  conductors 
except  the  reference  and  the  conductor  for  which  the  coupling  para- 
meter is  being  determined.  It  is  noted,  furthermore,  that  the 
excitation  of  the  line  depends  strongly  on  the  line's  orientation 
with  respect  to  the  incident  fields. 
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DIFFRACTION  THROUGH  A CIRCULAR  APERTURE 
IN  A SCREEN  SEPARATING  TWO  DIFFERENT  MEDIA 

Harvey  J.  Fletcher  and  Alan  Harrison 
1 . 0 INTRODUCTION 

The  classic  problem  of  the  diffraction  of  a plane  electromagnetic 
wave  through  a circular  aperture  has  been  treated  by  many  authors. 
Exact  solutions  for  arbitrary  incident  direction  and  arbitrary 
frequency  have  been  given  by  Meixner  and  Andrejewski^^^  (1950) , 
Flammer^^^  (1950),  Lure (1960) , Nomura  and  Katsura (1955)  . 
Some  of  these  solutions  were  published  by  Bowman,  Senior, 

Uslenghi ^ ^^  ( 1969) • Thomas (1969)  derived  the  integral  equa- 
tions which  would  give  the  solution  of  the  diffraction  of  a 
plane  electromagnetic  wave  by  a circular  aperture  in  an  infi- 
nite plane  screen  which  separates  two  different  media.  He 
assumed  a low  frequency  and  gave  an  approximate  numerical  re- 
sult for  the  special  case  of  zero  conductivitity.  Butler  and 
Umashemkar  (1976)  generalized  the  problem  to  an  aperture  of 
arbitrary  shape  and  described  a numerical  procedure  by  the 
method  of  moments  to  find  a solution.  In  this  paper,  we  shall 
derive  an  exact  solution  to  the  problem  with  arbitrary  frequen- 
cy and  arbitrary  media.  We  will  specialize  the  result  to  the 
case  of  a circular  aperture  illuminated  by  a plane  wave  normally 
incident.  The  special  case  of  the  two  media  being  equal  reduces 
to  the  solution  given  by  Flammer. 
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2»0  MATHEMATICAL  FORMULATION  OF  THE  PROBLEM 
The  problem  at  hand  is  illustrated  in  Figure  1. 


? 

1 

I 

I 

I 

I 

I 


Figure  1 Incident  Plane  Wave  On  Circular  Aperture 

A plane  wave  is  travelling  in  medium  I with  permitivity , per- 
meability and  conductivity  and  a^.  The  wave  illuminates 

an  infinite  perfectly  conducting  screen  at  2=0  with  a circular 
aperture  whose  center  is  at  the  origin.  On  the  shadow  side  of 
the  screen  is  a medium  with  permitivity,  permeability,  and 
conductivity  given  by  ^2’  *^2* 

We  shall  assume  the  incident  wave  is  sinusoidal  and  suppress 
the  factor  e”^***^.  The  general  impulse  can  be  found  by  Fourier 
Transforms.  Maxwell's  Equations  are  given  by: 
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V X E = iu)uH 

V X H » -ia)e*E 

V . H'  = 7 • E » 0 


£*  = e - c/ioj 


Subscript  1 will  indicate  the  incident  medium  and  subscript  2 
will  indicate  the  medium  on  the  shadow  side  of  the  screen.  The 
incident  wave  will  be  travelling  in  the  z direction  with  the 
electric  field  in  the  x direction.  The  incident  electric  and 
magnetic  fields  are  given  by 


E^  = E (u))e^^l*x 
o 

si  u / » ikiZ^ 
H = H^(u))e  1 y 

o •' 

where 

k - 

0^(0.) 

C (oj)  » i 

HqCw)  - E^(w)/2j^ 

■ (“tAi)’’ 


i » 1,2 

Real  parts  of  Square 
Roots  are  Positive. 
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The  boundary  conditions  are  the  following: 


EMP 


1.  The  scattered  wave  satisfies  the  ratiation  boundary 
condition  at  large  distances  from  the  aperture. 

2.  The  tangential  electric  field  is  zero  on  the  screen. 

3.  The  tangential  electric  and  magnetic  fields  are 
zero  at  the  aperture. 

4.  The  tangential  electric  field  goes  to  zero  as  the  rim 
is  approached  from  the  aperture. 


There  is  a unique  solution  of  Maxwell's  Equations  which  satisfy 
the  above  boundary  conditions. 

Let  us  introduce  oblate  spheroidal  coordinates  defined  by 
X = a Jd  + 5^)  (1  - cos  I 

y = a J(1  + 5^)  (1  " sin  >{> 

z » aCn  sign  z 

so  that  C * 0 is  the  equation  of  the  surface  of  the  aperture  and 
n ■ 0 is  the  surface  of  the  screen. 


-39 


The  range  of  the  variables  is 
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If  there  were  no  aperture,  the  wave  would  be  relfected  so  as 
to  satisfy  the  boundary  condition  at  the  screen.. 

* -E_  X 

o 


The  fields  on  the  incident  side  with  an  aperture  present  are 
given  by 


^ + E^  + E® 


+ H® 


where  I®  and  H®  are  the  scattered  electric  and  magnetic 
fields,  on  the  incident  side  of  the  screen.  The  mathematic 
description  of  the  boundary  conditions  is: 


= "ly 

= E2y(^.o,^) 

Eij^(o,  n#'l>) 

= ^2x 

(o,  hf  4>) 

E^y(o,n,^) 

= E2y(o,  n,4>) 

Hij^(o,  r\,(p) 

* »2x 

(o,  n,'i>) 

fij^y(o,  n,4>) 

= H^yCo,  n,4') 

lim  (})•£  (o, 
TT^O 

= 0 

lim  E2(C» 

n,<P) 

e -^'"'5  - 

constant 

lim  E?  (^, 

5 - 

constant 

= 0 
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3.0  DERIVATION  OF  THE  SOLUTION 


Let  US  introduce  a vector  potential  ^ = an„x  + 6n_z.  The  elec- 

X z 

trie  and  magnetic  fields  are  then  given  by 


H2  = ^ ^2 


(s)  _ 


= -iuej  '7  X 


:2  *•  7 X 7 X 2 


= 7 X 7 X 


and  both  satisfy  the  wave  equation  but  with  different 
velocities  in  different  regions.  Thus, 


7^n.  » -k?n, 

lx  1 lx 


v^n,  = -k?  n, 

12  1 12 


a--v^n 

“2x  '‘2“2x 


= -^2  "22 


All  of  Maxwell's  Equations  are  automatically  satisfied.  If 
n,„  and  H-^  and  22  and  22  are  chosen  to  be  zero  at  n*0, 

~1S~  ”55- 

then  all  of  the  screen  boundary  are  satisfied.  A separable 
solution  of  the  wave  equation  in  Oblate  Spheroidal  coordinates  is 


R,if^(-ic,  iC)  s‘J^(-ic,n) 

mn  mn  m 


P*1»2,3,4,  q*l,2 


k=l,2 


where 


(d))  * cos 
m 


• si*' 

m 
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where  (-ic,  i^)  are  the  radial  spheroidal  wave  functions, 
(see  Abramowich^®^  and  where  are  the  angular  wave 

functions  (see  appendix) . If  the  fields  are  to  be  finite  on 
the  axis,  (n-1) , then  q«*l,  and  also  n is  an  integer.  If  the 
fields  are  to  satisfy  the  radiation  boundary  conditions  at  C*®# 
then  p«3. 

OD 

The  functions  S^ji^(-ic,n)  • I'  f"!(c)p"  (n) 

r»0,l  ^ 

where  the  sume  is  over  the  odd  integers  if  n-m  is  odd  and  over 

the  even  integers  if  n-m  is  .even.  (n)  is  the  Associated 

in*rr 

Legendre's  Function.  If  this  is  to  vanish  at  n-O,  then  n-m  must 
be  odd.  If  the  derivative  of  this  is  to  vanish  at  n«0,  then 
n-m  must  be  even. 


Let  us  find  11^  satisfying  all  the  boundary  conditions  except 
the  rim  condition 


'^Ix  " sinmO)  (-ic.  iu  (-ic.  n) 


mn 


'2«  ■ "♦*  % •‘"”♦1  iS)  s'Vl-ic,  nl 


,(1) 


i«n  mn  ' *'2‘  • 'nin 


where  the  sum  is  such  that  n-m  is  an  odd  integer.  The  scattered 
fields  are  given  by 


3 2 

3x^ 


E - ^^^5 
■ ix 

5ij73r 


3^n 


‘iz 


lx 


T)c3 1 


an 


V - ° 


Hjy  - -iwC, 


tx 


an 


az 


«ez  “ 


ix 


3y 
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The  continuity  of  E 
The  continuity  of  H 

2Ho 


is  assured  at  5*0,  if 

is  assured  at  5*0,  if 
aiT- 


'lx 


‘2x 


at 


5*0 . 


The  partial  with  respect  to  z is  given  by 


a 

az 


(l-n^) 


77 


(5*^  + 


where  the  plus  sign  is  used  if  z>0  and  the  minus  sign  if  z<0 
It  follows  that 


-2H^ 

lu 


'"2x 


+ 


at  5-0 


Subitituting  the  series  in  the  shove  two  boundary  conditions 
leads  to 


B * D * 0 
mn  mn 


and 


“on®on  '"‘'l' 


'l“on«'on’''-^'=l'i‘»=oi’<-i=l,''> 


•2H  an 
o 

lu 


^inl 

iu 


m * 0 so  that 
'“^on^on’ 
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where  the  prime  indicates  a derivative  with  respect  to  Since 
the  functions  an  orthogonal,  we  can  multiply  both  sides  by 
Son  integrate 


^n  • 


on  1 n 


(3)  ' 

(-ic,,  io)c,I 
on  1 In 


* (“ic,,  io) I - 

* ~ 1 on  on  2 nn 


Eliminate  A and  obtain 

on 


EC  -E  - - F 
on  nn  n 


C - (-ic.,  io)  I - 

on  on  2 nn 
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The  fields  are  given  by 


xu)e 


The  continuity  boundary  conditions  are 


In  order  that  both  sides  have  the  same  6 dependence^  choose 


It  follows  that 


EMP  3-39 


352-15 


4aH  f " , ,.  , 

— 2-2_  R 3)’(-ic..  io) 
3iu)  ^ 


c,) 

nn  1 X 


This  again  gives  an  infinite  set  of  linear  equations  to  solve 
for  Substitution  of  these  constants  in  the  above  equations 

will  give  the  fields.  To  get  a unique  solution,  we  take 


ff  « all  X + 6n  z 

X z 


where  a + 6 ■ 1 


This  will  satisfy  all  the  boundary  conditions  except  the 
condition  that  E.  »0  on  the  rim. 


E.  is  given  by 


o,  f fc 

L ka^(^^+n^)J 


r ' (“ic-#  io)  . 2 H 

-On  1 ± « 

(e  +1)  dn  . 


siiN-ic-,n)  ^ 2 , • -r, 

on  " 2’  d (5^+1)’_2IL  (“iCjriO 


(l-n‘) 


L-n^)‘*(5^+l)‘*  ^*^ln' i5>Sj_^(-ic2,n) 


♦ 6 lillOZii-iiL  ^•'^In  " ^ 2‘ 

ka^CC^n^)  i 


^ sJi’c-iCj.  1)^  (-iCj.  iuj] 
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The  differential  equations  for  R and  S are 


A (5^*1)  t ( -X  * * -Si- 

45  45  I ”>  7^ 


) 


R - 0 
mn 


u-n^) 

dn 


- dS 
2,  mn 


dn 


(■ 


2 2 


A + c n 
mn 


2 \ 
m 1 

T7/ 


S « 0 
mn 


Since  sj'l}  (-ic,,  n) 
on  2 


<»»  on 

^ f (c,)  P,(n) 
r»l  ^ ^ ^ 

odd 


and  P^<o)  ■ 0 


it  follows  that  (-ic-  n)  ■ 0, 

on  2 1 


Put  n*0  in  the  differential  equation  and  get 


fl)  ' ' 

Kt  {-ic,,  o)  - 0 
on  2 


Expand  in  a Taylor  Series 


'>>  ’ o)n  t O)  V + 

on 
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Further  expansion  leads  to 


2 

d (l-n^)’‘*®on 


dn 


dn 


S***  (-ic,,  o)  - S’  (-ic,,  o) 


n + 0(n  ) 


dR 


(3) 


and  — (^^+1)*’  — 2*!L  . Rq^^  "(-ic  , io)  + 0(^^) 
dC  d5  ^ 


Using  the  differential  equations 


,(3) 


^on  io)  = (-ic-,  io) 


on 


on  on  ' *''2' 


,(1) 


®on'  io)  » (2-A  )s^^^  (“ic-,  io) 


on  on 
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This  is  infinite  as  n-'-O  unless  a and  6 are  chosen  so  that 


388 


In  this  case 


” TTP m m TTP — 

In  In  In  on  on  on 


and  S = 1-a 


and  » 0 


at  C * n = 0. 


In  the  special  case  when  c- 


* * 


£•2  and 


u,,  then  I - 
^ nn 


I 

n n 


and  L - “ 5'^  L 
nn  n n 


^nn 


2e*R^'  (0)R^^^  ' (0)  6^1 

on  on  n n 


iaH  f 


on 


o 1 


on  on 


(3)  ' 

3u)e*R'  ' (0)1 


nn  In  In  n n 


2E  aif^*' 
o o 


/ o \ 

These  check  the  values  given  by  Flarraner  . Thus,  we  have  found 
a solution  which  generalizes  that  of  Flammer  to  the  case  of 
arbitrary  medium. 
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THE  RECEIVING  PROPERTIES  OF 
THE  SMALL  ANNLT^R  SLOT  ANTENNA 


ABSTRACT 

An  anavltical  formula  for  the  effective  height  of  an  annular  slot 
antenna  Is  determined  using  the  reciprocity  theorem.  This  result  gen- 
eralizes the  previously  available  monochromatic  result  and  yields  an 
equivalent  circuit  valid  for  computing  the  transient  response  of  the 
small  annular  slot  antenna. 
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THE  RECEIVING  PROPERTIES  OF  THE  SMALL  ANNULAR  SLOT  ANTENNA 
1.  INTRODUCTION 

The  annular  slot  antenna  (Figure  1)  has  been  a subject  of  continuing 
interest  because  it  is  a low  profile  antenna  [1]  and  because  it  is  a tractable 
model  for  the  inadvertent  antenna  formed  by  the  recessed  connectors  used  on 
some  missiles  [2].  The  problem  of  predicting  the  receiving  properties  of  this 
antenna  is  complicated  by  the  fact  that  the  field  distribution  in  the  aperture 
is  not  strictly  TEM  (ie.,  p) . Although  the  exact  distribution  of  the 
field  in  the  aperture  is  not  required  for  predicting  the  radiated  field,  the 
contribution  of  higher  order  TM  modes  to  the  equivalent  antennna  capacity  is 
not  negligible  [3]. 

The  problem  can  be  circumvented  by  locating  the  drive  terminals  at  a 
distance  below  the  ground  plane  where  the  TM  modes  have  all  disappeared.  An 
apparent  antenna  admittance  and  an  apparent  effective  height  referred  to  the 
ground  plane  is  calculated  in  this  way.  This  approach  was  used  by  Chang  and 
Harrison  to  find  the  effective  height  of  an  annular  slot  as  observed  across 
a conjugate  matched  load  located  one  helf  of  a wavelength  from  the  opening  [4]. 
While  their  results  may  have  been  suitable  for  continuous  wave 
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analysis,  for  pulse  response  analysis  a less  restrictive  result  Is  required. 
In  their  own  work,  Chang  and  Harrison  used  a formula  for  the  short  circuit 
current  ( [5]  eq.  23) , 


-1 

Iq  ■ -j4iraE^5o  JiCkb*  ®o) 

where  coimon  definitions  are  used,  k » uVc,  ^ • etc.  This  result  was 

0 ^ to 

expected  to  be  true  for  the  thin  slot  with  (b-a)  « b. 

Evidently,  In  (1)  E^  Is  the  Incident  field  at  the  observer  location 
without  the  ground  plane  or  the  antenna  present.  For  most  problems  the  ground 
plane  would  exist  with  or  without  the  antenna  present.  For  these  problems  a 
more  natural  Incident  field  Is  the  normal  component  of  the  total  electric  field 
observed  at  the  antenna  location  without  the  antenna  present, 

grtorm  « 2 E^  s1ne„.  (2) 

0 0 


Noting  that  for  small  arguments  J|(x)  » (1)  becomes 

-norm  k a sin 

■ -J-'**  hwi;  ° 


'-^‘^o^norm 


So  that 


■Area 


dE 


norm 

3r“ 


C3) 

(4) 


(5) 


which  Is  the  result  expected  by  physical  Intuition.  In  the  EMP  handbook  (21 
the  data  was  normalized  to  E^  and  this  formula  was  used  for  small  values  of 
a/b. 
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H«rt,  Mt  d«r1v«  a new  formula  for  the  effective  height,  based  on 
the  reciprocity  theorem  that  Is  valid  for  pulse  analysis  and  is  not  restricted 
to  very  thin  slots. 

Following  this  development,  the  formula  for  antenna  capacity  Is 
examined  to  determine  Its  limitations.  Parametrically  determined  data  Is 

given  to  provide  a complete  description  of  the  equivalent  circuit  for  a 

range  of  a/b  values  from  0.3  to  1. 

In  the  final  section,  a finite  difference  approach  was  used  to 

obtain  supporting  data  for  the  new  effective  height  formulas. 


2.  OERIVATIOW  OF  EFFECTIVE  HEIGHT  FORftJLA 


Consider  the  annular  slot  antenna  driven  by  a continuous  wave 
current  source  located  some  distance  below  the  exit  plane  (Figure  2). 
Consider  that  a small  current  element  I2(2h2)  Is  simultaneously  radiating 
at  the  same  frequency  and  that  Its  direction  Is  along  the  hemisphere  centered 
on  the  antenna.  Then,  according  to  the  reciprocity  theorem  ([6],  p.  322),  we 
may  expect  that 


Here,  and  are  the  electric  fields  produced  by  the  distributed  currents 
source  density  Jj,  and  respectively  and  the  volume  Integral  Includes  both 
sources.  Since  the  current  source  exists  only  at  the  load  Inside  the  coax 
(2vr)-»  «(z+d),  and  the  left  side  of  (6)  Is 

• ')  Ejr  *•  <') 

* h * (Voltage  across  loi^  due  to  source  12) 
Assuming  that  this  voltage  Is  Induced  at  the  end  of  the  coax,  then 
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J,  dr  ■ li 


h.  E' 


norm 


• 4 * TT^To 


(8) 


H«rt,  Z.  Is  tht  tfftctivt  anttnrM  Inpodanct.and  Z.  Is  tht  characttrlstic 
Inpedanca  of  tht  transmission  lint  and  E^^'^ls  tht  normal  compontnt  of  tht 
Incldtnt  fitid  dut  to  tht  ttst  souret  ([6],  p.  310)  and  Its  Imagt  at  tht  top 
of  tht  annular  slot. 


jt»m.  ♦ 4 • ^"2  ,.Jk„r 

4irr 


sin  00 


(9) 


Finally,  tht  1tft  sidt  of  (6)  Is 


ft,  -Id..  ^ 

•'**  Z,  m- 


(10) 


Tht  right  sidt  of  equation  6 Is  tvaluattd  by  noting  that  tht  ttst 
souret  Is  orltnttd  along  tht  -ag  dirtctlon  so  that  only  tht  Eg  compontnt  of 
El  Is  Important: 


<lv  • Ig  / El  • -(lo)d2’-  - l2  2h2  Eie  . 

^ V »-h2 


Eig  has  bttn  dtttmrintd  by  Harrison  and  Chang  [4,  Eq.  24]. 

^ig  • - ®oJ  “ ^o)J. 


(11) 


(12) 


which  Is  computtd  assuming  that  is  TEM  at  tht  aptrturt: 


Sir- 


p tn(b/a) 


(13) 


Now  If  tht  aptrturt  voltagt  Is  dut  to  a souret,  at  z ■ -d,  wt  havt 
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V . Wl ,-JM 

• T ^ T 


(14) 


Using  (11),  (12)  snd  (U),  tht  right  sids  of  tguatlon  (6)  btcoMS 


r in  b/a 
- Jo(ko*  8o^] 


[jg(k^b  sin  e^) 


Zo  Z« 


h*h 


(15) 


Substituting  (10)  and  (15)  Into  (6),  tha  affactlvt  halght  Is  datarmlntd  to 

ba 


-2i»  Z I0o(kob  sin  8^)  - JQ(koa  sin  6q)] 

h • ' ' — — - 

Jwu  in  (b/a)  sin  8q 


(16) 


1 2 

If  tha  antanna  Is  small,  kob.  <1,  than  Z.  » — ' — and  J©  (X)  « 1 - i 

* JoiCa  4 

such  that 


h 


a 


ir«(b2  - a^) 

— ■ sin  efl. 

2 C,  ln(b/a) 


(17) 


Tha  form  of  (16)  Is  similar  to  tha  monochromatic  rasult  givan  by  Harrison  and 
Chang  CC4]aq.  61).  Howtvar,  tha  assumptions  usad  hara  ara  lass  rastrictiva 
so  that  tha  affactiva  halght  givan  by  (16)  Is  valid  for  computing  tha  voltaga 
mMsurad  across  any  Impadanea  at  a raasonabla  distanca  (d  > Sb)  balow  a ground 
plana  using  transmission  llna  thaory.  Equation  (17)  Is  sultabla  for  pulsa 
rasponsa  studios  providad  that  k^b  < 1 at  tha  highast  fraquancy  of  Intarast. 
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EQUIV^EWT  CIBCUIT  FOR  AW  MNlKJjR  SLOT  ANTFWMA 

Th«  voltage  or  currant  aqutvalant  circuit  of  an  annular  slot 
antenna  Is  useful  for  detenalning  the  electromagnetic  energy  that  Is  coupled 
Into  cables  with  arbitrary  loads  on  the  far  end.  This  section  presents  the 
frequency  domain  fbnrnilatlon  of  the  equivalent  circuits,  with  the  Inherent 
ass(«pt1ons  that  only  TEM  modes  exist.  The  time  domain  fomwlatlon,  Including 
TEM  and  TM  modes.  Is  derived  in  Section  4 of  this  report. 

The  equivalent  circuits  consist  of  a current  (or  voltage)  source 
In  parallel  (or  series)  with  the  aperture  capacitance  as  sh»m  in  Figure  3. 
Both  time  and  frequency  domain  sources  are  shown. 

The  aperture  admittance  was  derived  by  Levine  and  Papas  [TJ.  and 
Is  given  by  the  following  equation: 


with 

- ][o  de  - 

* ' in  b/a  Jo  ^“3[Jo(''o«  sin  «)  - Jo^^o^  ^ (W 

■ «fb/.  **  ^ {‘o*  f'  ♦ (>■/•>* : 2 (>■/•)  <=«  *]’'| 

'/q  5i^2ko*  Sin  f-  ) d*  S|  (2kob  sin  | )J  (20) 

with  representing  the  sine  Integral,  and  the  characteristic 

a<ta1ttance  of  the  cable.  For  EMP  and  lightning  calculations,  and  for  typical 
annular  slot  antenna  geometHes.  the  small  argument  expansion  (k^^b  « l)  is 
valid,  and  these  equations  reduce  to  the  following: 
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2Y- 


3£n  b/a 


(¥)■  H ■ i 


(21) 


and 


uC. 


irln  b/a 


d«^1  + (b/a)2  - 2(b/a)  cos  i|/ j** 


(22) 


- 2 (1  + b/a) 

; 

The  conductance  6,  Is  frequency  dependent,  and  can  not  be  rep- 

fl 

resented  In  a tine  domain  circuit;  however,  G,  Is  small  and  can  usually  be 
neqlected  except  when  the  load  connected  to  the  equivalent  circuit  Is  a very 
high  Impedance. 

The  normalized  C^,  calculated  from  (22)  Is  shown  In  Figure  3, 
along  with  the  normalized  h,  obtained  from  (17). 

Since  the  antenna  capacity  Is  very  small,  the  current  equivalent 
circuit  would  be  appropriate  for  most  problems  Involving  cables  terminated  In 
realistic  Impedances.  The  product  h^  needed  for  this  equivalent  Is 
also  given  on  Figure  3. 


Thm  effect  of  recessing  the  center  post  of  the  antenna  was  not 
considered  In  this  work.  The  depth  dependence  shown  on  Figure  3 was  taken 
from  Reference  2. 
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(1)  (2) 


Anttnna  Configuration 


'oc 


*ant 


norm. 


Voc  • heE 


(«) 


Voltage  Equivalent  Circuit 

i ^ — ° 

'•'(ij.  -L  c 

T 

'sc  • ".at". 


" J<-Ca„th,E"0»^(w) 
Current  Equivalent  Circuit 
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iJaO  — ' ' 1 1 1-  — 1—  -.i  n 0 
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Normalized  Effective  Height,  h^ae"^*!/*  sin  8 (i) 
Normalized  Can^h,,  Capthg/a^e'^d/a  sin  8 (pf/m)  (2) 


Figure  3:  The  Equivalent  Circuits 
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♦.  FINITE  DIFFERENCE  PREDICTIONS  OF  EQUIVALENT  CIRCUIT  PARAMETERS 

All  of  tht  analytical  results  given  In  Sections  2 and  3 are  based 
on  the  approximation  that  the  fields  within  the  coaxial  region  are  TEM,  and 
consequently,  one  can  question  the  accuracy  of  these  results,  particularly 
for  small  ratios  of  a to  b.  As  a qualitative  check  on  the  adequacy  of  the 
TEM  approximations,  numerical  predictions  of  the  antenna  capacity  and  effective 
height  were  made  using  the  finite  difference  technique  [8]. 

Effective  antenna  height  and  antenna  capacitance  were  evaluated 
from  the  numerical  data  produced  by  the  code.  The  geometry  used  In  this 
code  Is  summarized  In  Figure  4.  The  antenna  was  driven  by  a unit  amplitude 
current  source  of  gausslan  form  with  a matched  load  at  the  base  of  the  antenna. 
The  source  current  Is  split  between  the  resistive  load  and  the  antenna,  hence 
the  peak  current  on  the  center  conductor  was  .5  amp.  A far  field  radiation 
boundary  condition  [8]  was  employed  at  a height  of  five  times  the  slot  radius 
and  at  ten  times  the  slot  radius  In  the  radial  direction.  The  antenna  drive 
point  was  at  the  bottom  of  the  antenna  coax  region  five  slot  radii  In  depth 
from  the  aperture.  The  various  boundaries  were  maintained  constant  while 
the  antenna  radius  was  varied.  The  values  of  the  ratio  of  the  antenna  radius 
to  the  slot  outer  radius  that  were  studied  were  a/b  ■ .95,  .9,  .7,  .5,  .3, 
and  .1. 

In  order  to  evaluate  the  effective  antenna  height  and  the  capacitance 
from  the  finite  difference  data.  It  Is  necessary  to  relate  these  parameters 
to  the  fields  predicted  by  the  computer  code.  We  will  develop  here  the 
relationships  providing  these  parameters.  Consider  first  the  antenna 
capacitance.  This  capacitance  Is  given  by 
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axial  far  field  radiation  boundary  condition 


radial  far  field  radiation 
boundary  condition 


annular  slot 


antenna 


a ■ antenna  radius 
b • outer  slot  radius 


^^^rce  region 


Figure  4;  Geometry  for  finite  difference  computations 
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‘a  - i 


(23) 


where  Is  the  antenna  aperture  voltage  and  Q Is  the  charge  developed  at  the 
aperture.  However,  the  charge  term  can  be  rewritten  as 


(24) 


V 1s  the  TEM  voltage  that  would  occur  If  the  coaxial  cable  were  open  circuited 
and  Zg  Is  the  characteristic  Impedance  of  the  slot.  Evidently,  the 
antenna  capacitance  should  be  given  by. 


- ».) 


’S. 
Va  Zo 


(25) 


To  facilitate  this  computation,  the  aperture  fields  were  integrated  to  compute 
the  coaxial  and  aperture  voltages  required  to  perform  the  integration  In  (25). 
The  results  of  these  computations  are  compared  with  the  analytical  results  in 
Section  5. 

The  antenna  effective  height  can  also  be  determined  from  the  time 
domain  computer  code.  Since  the  higher  order  TM  modes  are  included  in  this 
calculation.  It  Is  possible  to  calculate  an  approximate  value  for  the 
effective  height  without  the  TEM  assumption.  As  In  Section  2,  we  position 
a TEM  exciting  source  far  enough  away  from  the  groundplane  that  the  TEM 
assumption  can  be  expected  to  be  valid  for  both  the  transmitted  and  received 
fields.  We  return  to  (6)  and  define  a new  effective  height  h^^^  such  that 
hg2g  ■ the  voltage  across  a resistor  equal  to  the  characteristic 
Impedance  of  the  coaxial  cable.  With  this  assumption  (10)  becomes 


(26) 
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Mherc  tht  test  sourca  Is  a monopole  of  halght  located  on  the  ground  plane 
®o  " (Figure  2).  For  the  right  side  of  equation  (6),  we  are  to  use  the 
numrically  predicted  radiated  field  at  the  point  r,  then  (15)  beconws 


Jl^  • Ig  dv  ■ E2i(r)  Ig  hg 


and  applying  (6).  we  have 


2Trr  E2i(r) 

^•^0  " JujUq 

The  results  O'*  these  calculations  can  be  relates  to  tte  ocen 
circuit  effective  height  by  substitution  into  the  equivalent  circuit  of 


Figure  3. 


Za  ^ Zo 


■ h.,  E-"" 


Recognizing  that  2, 


» Zq. 


Z*  A Zirr  E_,(r) 

h i h , J-.-JM. . (i; 

. • 2o  u,  C.  Z,  (J»)2  I, 

The  results  of  the  computer  predictions  made  using  a Gaussion  Input  pulse 
showed  that  Ej^(r)  was  similar  in  shape  to  the  second  derivative  of  I^(t) 
(Figure  5).  However,  the  pulse  that  was  used  as  an  input  was  too  short 
to  satisfy  the  requirement  that  kgb  «1  at  every  frequency.  As  a result, 
Fourier  transforms  of  the  field  predictions  were  substituted  into  (30)  to 
obtain  the  results  given  in  Section  S. 


Aaplltude 


Figurt  5:  Typical  waveforms  from  the  finite  dlffv.^nce  code 
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5.  COMPARISON  OF  RESULTS  AND  CONCLUSIONS 

Tht  tMQ  solution  approachos  usod  hart  both  art  bastd  on  tht 
rtciprocity  thtortai.  H<n*tvtr»  tht  analytical  rtsults  for  both  tfftctivt 
htight  and  anttnna  capacity  assum  that  only  TEM  fltlds  txist  In  tht  coaxial 
cabitt  whilt  tht  finitt  difftrtnca  approach  approxlmattly  accounts  for  all  TM 
modts.  Tht  accuracy  of  tht  finite  difftrtnca  calculations  Iraprovts  as  tht 
slot  width  Incrtasts,  sinct  thtrt  art  mort  finitt  difftrtnca  calls  1n  tht 
aptrturt,  whilt  tht  accuracy  of  tht  analytical  rtsult  should  dtcrtast  as  tht 
slot  width  Incrtasts. 

Tht  rtsults  of  tht  two  prtdictlon  ttchniquts  art  conipartd  In  Flgurt 

6.  Tht  anttnna  capacity  for  this  typt  of  anttnna  Is  vary  small,  so  It  was 
txptcttd  to  bt  difficult  to  txtract  from  tht  finitt  differtnct  rtsults. 
Howtvtr,  tht  disagrttffltnt  bttwttn  tht  two  predictions  of  antenna  capacity 
was  lass  than  over  the  entire  range  of  a/b.  Tht  calculations  of  the 
affective  htight  and  tht  short  circuit  currant  disagree  by  lass  than  lOX. 

Wt  conclude,  thtrtfore,  that  the  most  serious  Inaccuracies  art  In  the  com- 
putation of  the  anttnna  capacity. 

In  any  event,  the  comparisons  suggest  that  the  analytical 
formulas  given  In  Sections  2 and  3 (or  shown  In  Flgurt  3)  art  sufficiently 
accurate  to  ust  for  EM  susceptibility  analysis  across  the  range  of 
.3  <a/b  < .9. 
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